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INTRODUCTION 
Let ���, � � 1� be a sequence of independent random variables. For each integer

of�� be either 	
 � 	� where 	
 ��� 	� are two specified d.f ‘s. The number of r.v’s with d.f 

is �����where  
�
 ��� �� are specified positive integers (assumed non

Let 	���� have a density ����� which is positive for large 
1,2. 
Let �� � max � �
, �� … … … ���. Note that 
maximum of ����� observations that follow the law 
1 � 	�  !����" � 


�  # � 1,2.  
If lim&→∞

()�&�
& � *�  +0 - *� - ∞., # � 1,2

lim�→∞ /01 2),3
4)�5)���� � 67) a.s   
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be a sequence of independent random variables. For each integer � � 1, let the distribution function 
are two specified d.f ‘s. The number of r.v’s with d.f 	�

are specified positive integers (assumed non-random) with �
��� 8 ����� � � and ����
which is positive for large � and for such � put 9���� �  
:;)�

<)�&

. Note that �� � max � �
,�, ��,�� where ��� is the  
observations that follow the law 	�. Define !���� by 

2, then by De Haan and Hordijk (1972) we have the following results.
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-12. 

The growth rate of partial maxima on a 
subsequence for samples from two independent 

vector consisting of properly normalized partial maxima 

, let the distribution function 

� among �
, �� … … … �� 

��� → ∞, � → ∞ # � 1,2. 
�&�"

�&� =�9=�9 > 


:;)�&�?  # �

then by De Haan and Hordijk (1972) we have the following results. 

  (1.1) 
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lim�→∞ @�� 2),3
4)�5)���� � 1 a.s.           (1.2) 

where for all � > 0, 
1 � 	��!�  ����, ��" � �BC(5)����D),3�E�

5)���           (1.3) 

and for all � > 0, 
lim�→∞ �,���� � � BC(&

7)
 .           (1.4) 

Let �F � Gexp JKL where h>1. Then by Husler, J. (1985) we have the following theorem. 

Theorem 1.1  

(Husler, J., 1985): Let * � 

K . If lim�→∞

()�&�
& � *� +0 - *� < ∞., # � 1,2. then lim�→∞ /01 2),3N

4)�5)��N�� � 677) a.s and 

lim�→∞ @�� 2),3N
4)�5)��N�� � 1 a.s. 

Nayak. S.S (1986) obtained the almost sure limit set of properly normalized  2O,3
4O�5O���� , 2P,3

4P�5P����". In this paper, we obtain 
the limit set of the above random vector over�F. Some more related results on limit point may be found in Nayak, S.S 

(1985), Hebbar, H.V.(1980) and Wichuna (1974). Throughout the paper, the letter D with a suffix denotes a positive 

constant which may have different values in different appearances. “Infinitely often” is denoted by i. o. 

 

PRELIMINARIES 
Lemma 2.1: Let ���, � � 1� be a sequence of real numbers such that lim�→∞ ��� � 0 
Then If lim�→∞


:�
:&3�3
�&3

� 1. 
Proof: Using Binomial theorem we have 

1 � �1 � ���� � Q  �
" ��1�RS
��R

�

RT

 

 � ∑ �:
�DVO
R!

�RT
 �����R  1 � 

�"  1 � �

�" … … … … …  1 � R:

� " 

Hence X
:�
:&3�3
�&3

� 1X - �&3

:�&3

→ 0 �/ � → ∞. 

Lemma 2.2 (Ortega and Wschebor, 1984): Let �Y�, � � 1� be a sequence of events. If  
 (i) ∑ Z�Y�� � ∞ and 

�@@� lim�→∞
inf Q Q Z+Y� ∩ YF. � Z�Y���YF

^∑ Z+Y�.��T
 _�
`F`�
`�

 < 0 �ℎ6� Z�Y� @. �. � � 1. 
 

LIMIT POINTS 

Theorem 3.1: Assume that lim�→b
5)���

� � �� +0 < �� < 1. # � 1,2 ���  
lim�→b

()�&�
& � *�  +0 - *� < ∞. # � 1,2 . Then the set of all almost sure limit points of  

 2O,3N
4O�5O��N�� , 2P,3N

4P�5P��N��" is d � e��, f�: 1 - � - 677O , 1 - f - 677P , BC(&
7O

8 BC(h
7P

- *i where * � 

K and �F � Gexp JKL , h>1. 

The proof of the theorem depends on the following two lemmas. 

Lemma 3.1: Assume the conditions of theorem 3.1. For all j > 0 and �, f satisfying 1 < � < 677O , 1 < f <  677P , BC(&
7O

8
BC(h

7P
< * we have  

Z >� � j < �
,�N
!
��
��F�� < � 8 j, f � j < ��,�N

!������F�� < f 8 j @. �� � 1? 
Proof: Let 

kF � l� � j < �
,�N
!
��
��F�� < � 8 j, f � j < ��,�N

!������F�� < f 8 j m 
Note that Z�kF� is an increasing function of j. Hence it is enough to prove that  
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Z�kF  @. ��=1 for 0 < j < min��, f� nℎ661 < � < 677O , 1 < f <  677P  ��� BC(&
7O

8 BC(h
7P

< *. since �
,�N  ��� ��,�Nare 

independent, we have Z�kF� � Z�Y
F���Z�Y�F�f�� where 
Y�F��� � o��F�� � j� < ���N < ��F�� 8 j�p and ��F��� � !�  ����F�" �. # � 1,2. 
By (1.3) and (1.4) and the fact that limF→∞

5)��N�
�N

� ���0 < �� < 1� it follows that 
��o1 � 	����F���p → 0 as J → ∞ . Hence by Lemma 2.1, 

1 � 	�5)��N�  ��F���" ~����F�o1 � 	����F���p, J → ∞. 

Hence as J → ∞, we have  
1 � 	
5O��N�+�
F�� 8 j�.
1 � 	
5O��N�+�
F�� � j�. ~ 1 � 	
+�
F�� 8 j�.

1 � 	
+�
F�� � j�. 
~�=�9�
��F��RO3N�EVr�sDO3N�Esr�

  

~�=�9�F�RO3N�EVr�sDO3N�Esr�
  

→ 0 as J → ∞ .  
This gives , 

Z�Y
F���� � 	
5O��N�+�
F�� 8 j�. � 	
5O��N�+�
F�� � j�. 
 � 1 � 	
5O��N�+�
F�� � j�. � o1 � 	
5O��N�+�
F�� 8 j�.p 
 ~1 � 	
5O��N�+�
F�� � j�. as J → ∞ 

 ~�
��F�o1 � 	
+�
F�� � j�.p as J → ∞ (by lemma 2.1) 

 � �=�9�
��F��RO3N�&:t�
 

 ~ �=�9�F�RO3N�&:t� as J → ∞. 
Similarly Z�Y�F�f�� ~�=�9�F�RP3N�h:t� as J → ∞. 
Hence we have Z�kF� ~ �=�9�F�RO3N�&:t�SRP3N�usr�

 as J → ∞. 

> vJ:Kw 

xO yz{�&:t�S 


xP yz{�h:t�StO| �� �== J � J
 
Where 0 < j
 < 


K � 

7O

log�� � j� � 

7P

log�f � j�. Hence 
∑ Z�kF� � ∞F  (3.1)  

Let u and v be two large positive integers such that 0 < � ��� ������ > 0 ��� 
������ > 0, � > 1. We have 

Z�k� ∩ k�� � Z+Y
�0, �, ��.Z+Y��0, �, f�. 
where 

Y��0, �, �� o�
��� � j� < ���� < �
��� 8 j�, �
��� � j� < ���� < �
��� 8 j�p , j=1,2. 
Now 

Z+Y
�0, �, ��. � 

Z��
��� � j� < �
�� < �
��� 8 j�, �
��� � j� < �����
�� , ���:��� <  �
��� 8 j�� 
where �
��:��  is the maximum of �
���� � ������ observations from 	
. 
Note that �
����� �
��:��are independent .  
Let Y � o�
��� � j� < �
�� < �
��� 8 j�p 
��� � � o �
��� � j� < max ��
�� , �
��:��� < �
��� 8 j�p.  
 Then � � +o�
�� > �
��� � j�, �
��:�� - �
��� � j�p ∪ o�
�� - �
��� � j�, �
��:�� >  �
��� � j�p ∪ o�
�� >
�
��� � j�, �
��:�� > �
��� � j��  ∩ o�
�� <  �
��� 8 j�, �
��:�� < �
��� 8 j�p. 
 � o �
��� � j� <  �
�� < �
��� 8 j�, �
��:�� < �
��� � j�p 
 ∪ o�
�� < �
��� � j�,  �
��� � j� < �
��:�� - �
��� 8 j�p  
 ∪ o �
��� � j� < �
�� < �
��� 8 j�,  �
��� � j� < �
��:�� < �
��� 8 j�p 

 � �
 ∪ �� ∪ �� say. 
 Then Y
�0, �, �� � Z�Y ∩ ��  
 � Z+Y ∩ ��
 ∪ �� ∪ ���. 
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 � Z��
 ∪ �� ∪ ��� 
Where �
 �  Y ∩ �
, �� � Y ∩ �� ��� �� � Y ∩ �� . 
Note that �
 ∩ �� � ∅ �� ∩ �� � ∅ ��� �
 ∩ �� � ∅. Hence 
Z+ Y
�0, �, ��. � Z��
� 8 Z���� 8 Z���� 
� Z�Y ∩ �
� 8  Z�Y ∩ ��� 8 Z�Y ∩ ��� 
=Z  �
��� � j� < �
�� < �
��� 8 j�" Z  �
��:�� < �
��� � j�"+ 
Z  �
��� � j� < �
�� < �@�+�
��� 8 j�, �
��� � j�." Z  �
��:�� > �
��� � j�"+ 
Z  �
��� � j� < �
�� < �
��� 8 j�"  Z  �
��:�� > �
��� � j�" 
< Z  �
��� � j� < �
�� < �
��� 8 j�" 8 

Z  �
��� � j� < �
�� < �
��� 8 j�"  Z  �
��:�� > �
��� � j�". 
Now Z  �
��� � j� < �
�� < �
��� 8 j�" 
= 1-	


5O����+�
��� � j�.-�1-	

5O����+�
��� 8 j�.�. 

Consider  


:;O
�O�3��+�O��&St�.


:;O
�O�3��+�O��&:t�. ~ 


:;O +�O��&St�.

:;O +�O��&:t�. as u,v→ ∞ by lemma 2.1. 

= �=�9���RO��&St�:RO3��&:t�  → 0 as u,v→ ∞ from (1.3) and (1.4). 

Thus as u,v→ ∞, Z  �
��� � j� < �
�� < �
��� 8 j�" ~1-	

5O����+�
��� � j�. 

~�
����  1 � 	
 +�
��� � j�."by lemma 2.1.         (3.2)  

Also Z  �
��� � j� < �
�� < �
��� 8 j�" � 	
5O����+�
��� 8 j�. � 	
5O����+�
��� � j�. 
� 1 � 	
5O����+�
��� � j�. �  1 � 	
5O����+�
��� 8 j�." 
 ~ �
����o1 � 	
+�
��� � j�.p , 0 → ∞          (3.3) 

 since 

:;O+�O��&St�.

:;O+�O��&:t�. � ~�=�9�
�����RO3��EVr�sDO��Esr� → 0 , 0 → ∞ .  
Note that as u,v→ ∞ ,  

�
���� 
�
���� ~ ��

��
- ��

��S

~6��:��S
�� < 1

�0 8 1�K � 0K 

~ 

K��sO → 0 �/ ℎ > 1.  

This gives, ��
���� � �
������1 � 	
�
��� � j�� � 5O����:5O����
5O���� �=�9�
���RO��&:t� 

→ 0 �/ u,v→ ∞ from (1.3) and (1.4).  

Hence by lemma 2.1, we have u,v→ ∞, 
Z  �
��:�� >  �
��� � j�" � 1 � 	
5O����:5O����+�
��� � j�. 

 ~ �
�����1 � 	
�
��� � j��          �3.4� 
From (3.2), (3.3) and (3.4) we have 

 
���O��&:t��2O3���O��&St�

���O��&:t��2O3���O��&St���2O3�s3���O��&:t��  
 = 


5O�����
:;O�O��&:t�� 

 �  5O����
5O�����BC(5O���DO��Esr� from (1.3). 

~ ��
���BC(���DO��Esr�  

<  v�
��

��VO��DO3��Esr�  

 <  v�  

o��S
��:��p��

s�����Esr�
�O srO
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 <  v�  

����sO�s �����Esr�

�O srO
 → 0 �/ u,v→ ∞  

where 0 < j
 < =�ℎ � 1� � KBC(� &:t�
7O

 and = > K
K:
  BC(�&:t�

7O
. 

Hence for j� > 0 ��� large u and v we have 
Z�Y
�0, �, ��� < �1 8 j���
�����
�����1 � 	
�
��� � j���1 � 	
�
��� � j�� 
Similarly for large u and v we have 

Z�Y
�0, �, f�� < �1 8 j���
�����
�����1 � 	��
��f � j���1 � 	��
��f � j�� 
Hence Z�k� ∩ k��~Z�k��Z�k�� for large u and v . This implies 

lim�→∞ inf ∑ ∑ �+�)∩�N.:���)���N
w∑ �+�).3)�O |P`F`�
`�  < 0 �ℎ6� Z�Y� @. �. � � 1.      (3.5) 

From (3.1) and (3.5) and lemma 2.2, we have 

Hence Z�kF, @, �� � 1 
Lemma 3.2 : For all j > 0 ��� �== ��, f� such that  
 1 < � < 677O  ,1 < f < 677P , BC(&

7O
8 BC(h

7P
� * , we have 

Z+� > �� 8 j�!
+�
��F�., ��,�N > �f 8 j�!�+����F�.@. �. � 0  
where * � 


K . 
Proof : we have Z  �
,�N > �� 8 j�!
+�
��F�., ��,�N > �f 8 j�!�+����F�." 
~ �=�9�F�RO3N�EVr�VDP3N�uVr�

 

~ JKRO3N�EVr�V�DP3N�uVr�
 

 < J:Kw��� �EVr�
�O S��� �uVr�

�P :t�| , J � J�  
where 0 - j� - yz{ �&St�

7O
8 yz{ �hSt�

7P
� 


K. 

Hence ∑ Z  f
,�N > �� 8 j�!
+�
��F�., f�,�N > �f 8 j�!�+����F�." < ∞. 
By Borel -Cantilli Leema the proof is complete. 

Proof of theorem 3.1: 

From theorem 1.1 and lemma 3.2, it follows that the limit set is contained in S. From  

Lemma 3.1, we get that every point of 

d∗ � e1 < � < 677O  ,1 < f < 677P , BC(&
7O

8 BC(h
7P

< *i is a limit point. By continuity  

Considerations, we get that S is the required limit set. 

Corollary 3.1: Under the conditions of theorem 3.1, every point of G1, 677)L is a point of  
��,�N

!�  ����F�"  # � 1,2. 
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