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INTRODUCTION
The concept of generalized order statistics ( JOS) was given by Kamps (1995), which is given as below:

Let Xl,xg,-.., Xn be a sequence of independent and identically distributed (iid ) random variables (rv)with

absolutely continuous distribution function (df ) F (x) and the probability density function (pdf ) f(x), x e (a, B).
n-1

Let neN, n>2, k>1, m =(m;,m,,...Mm,4) eSR"_l, M, = ij , 1<r<n-1, be the parameters such
J=r

that y, =k +n-r+M, =1, forall re{y,2,....,n-1}. Then X (r,n,m,k), r=1,2,...,n are called gOS if

their joint pdf is given by

Fx wn @ik, x k) (X X200 Xn)
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1
—kLHV,}LH[F(X.)] ! f(X.)}[F(Xn)]k 1 0x) (1.1)

j=1 =1
on the cone F_l(O) <X <X, < F_l(l) ,
where |E(X) =1- F(X).

Here we may consider two cases:
Casel. 7j =Yjie M =Mh=...=M 1 =M

Case Il. 7 ¢7j, i,j=12,...,n-1.
For case I, JOS will be denotedas X (r,n,m,k) andits pdf is given by Kamps(1995)

C,_ _
fx (rnmk) (X) = " _i)l[F(X)]y’ HTOR T (F(X), a <x< B (1.2)
and the joint pdf of X (r,n,m,k) and X (s,n,m,k),1<r<s<n,is
C._
fx@nmio.x snmi 06 ) =g =g IF 0017 £ 00 am ™ (F ()
X[ (F () =y (F O F T f (W) e < x< y < g (L3)
where

r
Craa=[Iri ri=k+m-im+1),

i=1

— 1-x)™, m=-1
h,(X)=9 m+1

-In(1-x), m=-1

and

Im(¥)=hn(¥—hm(0), x €[0,1).

For case I, the pdf of X (r,n,m, k) is Kamps and Cramer (2001)

r

Fx (i () =Crg F0D & (NIF (X1 (1.4)
i=1

and the joint pdf of X (r,n,m,k) and X (s,n,m,k),1<r<s<n,is

R c_lZa“)(s)( (V)J (Za.(r)[F(x)]y'J

i=r+1 F( )
) ()
“FOFW)' &
where
Coa=[Irirri=k+n-i+m,
i=1
ai(r) = H -t 1<i<r<n
Vi~7i
j;tl
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S
1 .
al"(s) = [[—— r+i<i<s<n.

j:r+1(7/j ~7i)
J#
It may be noted that My =Mp =...=My g =mM=-1

P I
% (r—l)!(m+1)f—1(r—ij

S—I
a"(s) = =) — {S - __lJ .
(s—-r-1I(m+1) S—1
Consequently the pdf of X (r,n,m, k) and the joint pdf of X (r,n,m,k) and X (s,n,m, k) reduce to the pdf
of X (r,n,m,k) and the joint pdf of X (r,n,m,k) and X (s,n,m, k), respectively. Several models of ordered
random variables such as order statistics and record value can be seen as special cases of §0S. If m=0and k =1, then

X (r,n,m,k) reduces to the r" order statistic Xm David and Nagaraja (2003). If m=-land k =1, then
X (r,n, m,k) isthe r" record values from an infinite sequence of iid rv's Ahsanullah (1995). Other special cases are
k™ record values (m=-1 kel), Dziubdziela and Kopocifski (1976), sequential order statistics

((}/i =n-i +1) BB Boreo s By > O) and order statistics with non—integral sample size

(m=0,k =a-n+1, a =n, Stigler (1977), Rohatgi and Saleh (1988)).

Many authors utilized the concept of gos in their studies. References may be made to Kamps and Gather (1997),
Keseling (1999), Cramer and Kamps (2000), Ahsanullah (2000), Pawlas and Szynal (2001),Ahmad and Fawzy (2003),
Ahmad (2007), Khan et al. (2007),Athar et al. (2012),Saran et al.(2015), Khan and Khan (2016) among others. For
textbook reference, one may referrred to Ahsanullah (1995), Ahsanullah and Nevzorov (2001), Kamps (1995) and
Arnold et al. (1992). In this paper, we have obtained the recurrence relation of §JOS arising from the Sushila distribution.

A random variable(l’V) X is said to have a Sushila distributionShanker et al.(2013) if its df asgiven by

2 ) et i x>0,6>0,4>0 1.6
A(o+1) ’ -

and thecorresponding pdf is given by
2

flx) = ﬁ(uﬁje_ix; Xx>0,0>0,1>0. (L.7)
(e2

The Sushila distribution given in (1.7) was introduced by Shanker et al. (2013). At A =1, it reduces to Lindley
distribution (Lindley,1958)) having pdf as given by

2
o}
f(x)= 1+x)e™”; x>0,0 >0, (1.8)
(%)= 77—(1+x)
(Ghitany et al., 2008) have explored some interesting properties of this distribution and showed that Lindley distribution
gives better lifetime model than the exponential distribution in applications. Sankaran (1970) introduced the discrete
Poisson-Lindley distribution after mixing Poisson and Lindley distribution. Zakarzadeh and Dolati (2009) introduced the

generalization of Lindley distribution having three parameters.
It is observed that Lindley distribution is a particular case of (1.7). The pdf (1.7) can be shown as a mixture of

o o
exponential (EJ and gamma (Z,I) distribution as follows:

f(x0,4)=pf,(x)+(1-p) f,(x) (1.9)
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The relation between (1.6) and (1.7), we have
(A(1+ 0)+0X) fx= 07 (1+§)(1—F (x)) (1.10)

The relation (1.10) is used for obtaining the recurrence relations for moments of gos from Sushila distribution. In this
paper, we have established recurrence relations for single and product moments of generalized order statistics from
Sushila distribution. This paper comprise three sections. In Section 2, we have established the recurrence relation based
on single moment of generalized order statistics from Sushila distribution. In Section 3, we have obtained the recurrence
relation based on product moment of generalized order statistics from Sushila distribution.

RECURRENCE RELATIONSFOR SINGLE MOMENTS
Theorem 2.1: Let X be a non-negative continuous random variable and follows Sushila distribution given in (1.7). For

Casell ¥, # 7 i#je(L2,...,n=1) k=12, nell, 1<r<n,1=012,...
A(L+c)E[ X' (r,n,m,k) [+oE[ X" (r,n,m,k)]

:(Tiylr)[E[x'“ (r.n,m k) J-E[ X" (r-1n,m,k)]]
+%[E[x'+2 (r,n,mk)]-E[ X" (r-2,n,m,k)]] (21)

Proof.We have
A(L+o)E[ X' (r,n,mk)]+cE[ X" (r,n,m,k)]

= Cr—lTXI [Zr: a; (r)(1- F(x))y"lj(i (1+ o)+ox) fxdx

On using equation (1.10), we have

=cr_lzx' [Z a, (1) (1~ F(x))y"ljaz (1%}(1— F (x))dx

=o’c,_, T X' Zr: 3, (N @A-F(x)" (1= F (x))dx

+072cr_1T x'*lizr; a (r)-Fx) (1— F (x))dx (2.2)

0

=5 cr_lf X > a(r)(1-F(x)" dx

+67cr_1j': X a(r)(1-F(x)" dx

A@L+o)E[ X' (r,n,m k) |+oE[ X" (r,n,m,k)]=1+11
Now,

| =o? cr_l]o X! [Z a, (r) (1- F(x))" jdx

Integrating by parts treating x' as integration and rest of the part for differentiation.
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0

) r ; 1+1 0 | d r . |
—c cr{;ai (r) (1— F (x))" '|X+1 0 _lx {&(Ea (1) (L—F(x))" JJ(jx dx)dx]
e [;’_X[z (1) (- F ()" ]de S X T a0 Ry 100

onusing (2.1) and C,_;=7%,C,_,, we have

o r-1 J‘: X |:7/r {Crli a (r)-F ()" _Crfzilai (r-1)(A-F(x)" }} fx dx

=——C
l+1

_ ‘IfiVl {Cr_l jo“" x“li a, (r)(L-F(x))" fxdx— cr_zj:fai (r-1)(1-F(x))" fx dx}
Therefore 7 7
O'Zj/r 1+1 ~ 1+1 =
I :m[E[X (r,n,m,k)]—E[X (r—l,n,m,k)ﬂ
similarly second integral is given by
o’ oy . " _ 0'27r 1+2 ~ 142 <
“279_1!)( ;ai (r)(i-F(x))" dx _M[E[X (r,n,m,k)]—E[X (r—l,n,m,k)ﬂ

substituting the value of the integral I and Il in equation no(2.3), we have
A(l+o)E[ X' (r,n,m,k)|+cE[ X" (r,n,m,k)]

_ oy, [E[Xul(r,n’m’k)]_E[X”l(r—l,n,m,k)]}

(1+1)

2
+%[E[X'*Z (r,n k) J-E[ X" (r=1,n,mk)]]
and hence the result.

Corollary 2.1: ForM =M, =...=N,_; =M, the recurrence relation for single moments of gos from Sushila
distribution has the form
A(L+o)E[ X' (r,n,mk)[+cE[ X" (r,n,m,k)]

e k)] -2

2

OV 1+2 _ 42 (v

+l(|+2)[E[X (r,n,m,k)] E[X (r 2,n,m,k)ﬂ (2.3)

Remark 2.1: At A=1 in (2.3) we get the recurrence relation for single moments of generalized order statistics from
k 2 in (2.3) h lation for singl f lized ord istics fi

Lindley distribution.
Remark 2.2:Recurrence relation for single moments of order statistics (at m = 0, k = 1) from Sushila distribution is

A(l+o)E[ X} |+oE[ X )]

:az(n—r+l)[E[X|+1]_E[X:inﬂ
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Remark.2.3:Recurrence relation for single moments of k" upper record (m :—1) from Sushila distribution is

/1(1+a)E[x<k()J" +GE[X8‘()J+1

U(r

el e x ]

RECURRENCE RELATIONS FOR PRODUCT MOMENTS
In this section, the recurrence relation for product moments of gos from Sushila distribution has been obtained. Particular

cases for recurrence relations of order statistics and k™ upper record are also discussed.
Theorem 3.1: Let X be a non-negative continuous random variable and follows Sushila distribution given in (1.7).

Let case Il be satisfied i.e. }/i;t}/j,i;tje(],Z,.,,, n—l). For Sushila distribution as given in (1.7) and
k>1,ne N,meR,1<r<s<n,s-r>2,and u,v=0,1,2,...
A(L+0)E[ XU (r,n,mk) X" (s,n,m,k ) ]+cE[ X" (r,n,m,k) X" (s,n,mf,k) ]

z(zz—i/ls)[E[X“ (r,n,m,k) X" (s,n, k) [-E[ X* (r,n,rﬁ,k)XV*l(s—l,n,m,k)ﬂ

SB[ (X 50 E[X (10X 5L ]

(3.1)
Proof: We have

A(L+o)E[ X* (r,n,mKk) X" (s,n, i,k ) |[+oE[ X" (r,n,m,k) X" (s,n,,k) |

=I {.1 )(1-F (x )) }(ljé—x()x))l(x)dx(s.a

where | (X) is given by

(r) 1-F(y) fy
1(x)=c,_ Jy { > ()(1 F(X)J ](1_F(y))dy

On substituting f(y) in above equation

e fr {;f"* () [
(%) =1,(9+1,(x)

Where |1(X) is given by
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L0 =L H Sy ()G Em
o]y

S oo n[1-FMY f(y)
PR 1)[1—F(y)j H(lF(y))dy (35)

Similarly, 1,(X)

_ 9 |l Tyers —rW)
IZ(X)A(V+2)HCSIJx.y i:zr;laI (){1 F(x )j

o Ty S e[ EFWO)L] W)
oy 2 e 1’(1—F(x>j H(lF(y))dy o0

Therefore
F(x)=1,(x) +1,(x)
On substituting 1(x) in (3.2), we get

A(L+o)E[ XY (r,nm,k) X" (s,n,m,k )|+ E[ X" (r,n,m,k) X" (s,n,m k)]

- j X {Z a (r) (1-F(x))" }ﬁ 1 (x) dx

_00 u \ _ Yi f(X) 0-27/5 v+1 r F(y)
I {Z&(r)(l F(x) }(1_F(y))lv+1HsJy Zw)[l F(X)J

i=1 i=r+1

v+l 1 F(y) f(y)
_ -1 —27 _d
Iy S 4 >{1 F()j H(”(y)) y

i=r+1

O-ys V+2 1 F(y)
/1(V+2)H“J.y ,Z;la [1 F(x)j

X

v+2 (r) 1- F(y) f(y)
oofr a2y H(l—F(y))]dy

and hence the result given in (3.1).
Corollary 3.1:For M =M, =...=N_; =M, the recurrence relation for product moments of gos from Sushila
distribution has the form

A(L+0)E[ XU (r,n,mk) X" (s,n,m,k ) ]+cE[ X" (r,n,m k) X" (s,n,m,k)]

= (izi/ls)[E[X“ (r,n,m,k) X" (s,n,m,k)|-E[ X* (r,n,m,k)XV*l(s—l,n,m,k)ﬂ

e X m X s m k- E[X (nmI) X (s-1nmk)]] 69
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Remark 3.1: At 2=1in (3.4) we get the recurrence relation for product moments of generalized order statistics from
Lindley distribution.
Remark 3.2: Recurrence relation for product moments of order statistics (at m = 0, k = 1) from Sushila distribution is

A(l+o)E[ X X5 +0E[ XE X 5]

(n-s+1 - Lo
- e - ]
’ n—S+1 u V+ u v+ u =
GA((HZ) Je[xe X2 ]-E[ X8, x22X" (1o k)] 57

Remark 3.2:Recurrence relation for product moments of k™ upper record (m :—1) from Sushila distribution.
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