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Abstract: The aim of the present paper is to obtain sufficient Key words:  Starlike

Functions, Convex  Functions,

conditions for the function z ;Rx(¢,a b;c,d;k;z) for its Hypergeometric ~ Functions,  Clausenian  Hypergeometric
belongingness to certain subclasses of starlike and convex functions, Integral operator.

functions. Similar results, using integral operator, are also

obtained.

1. Introduction
Let T denote the class consisting of functions f(z), given by

f(z)=z—- ianzn (a, = 0),

which are analytic and univalent in the open unit disk U = {z: |z| < 1}.

(1.1)

Let T (4, ) is the subclass of the class T. Which has functions satisfying the condition

zf'(2)
{Azf’(z)+(1—/1)f(z)} >
for some (0 <a <1), A(0<A<1)andforall z€U.

(1.2)

Also let C(4, @) denote the subclass of T constituted by functions those satisfy the condition

[ @+zf"(2)
{f’(z)+/1zf"(z)} > a

forsome a(0 < a < 1), A(0<A<1)andforall z€U.

From (1.2) and (1.3), we have

f(2)eC(Xa) o zf (2) ET(A, ).

We note that T(0, a) = T*(a), the class of starlike functions of order a(0 < a < 1)
and C(0, @) = C(a), the class of convex functions of order (0 < a < 1)

Following definitions [3] will be required in proving the main results:

r(Qr@) N (@)l (a+kn)(b+kn) 2"
I'(a)['(b) prs C(c+kn)[(d+kn) (n)’

sRE(2) =3Ry(@,a,b; c,d; k; z) =

where

(1.3)

(1.4)

(see Silverman[5]).

(1.5)

lz| <1,k >0.

If we set b = d, then the generalized hypergeometric function ;R% (2) reduces to the result due to Virchenko, Kalla

and Zamel [6], as

I(0) N (@)nl (atkn) 2"

k — [P —
2Ry (Z) =Ri(p. a;¢; k; Z) T () prs [(c+kn) M)

(1.6)

For k = 1, (1.5) reduces to the Clausenian hypergeometric function studied by Saxena and Kalla [4]

(@) n (@) (b)y, 2"
F ,Qa, b; C, d; = TN N
sFa(e 2) £ @@

and for k = 1, (1.6) reduces to the Gauss hypergeometric function
S @n(@p 2"
Fi(p a;c;z) = y -2ninZ_
Fi(g,a;¢;2) ©n
n0

In the present paper we shall use the following lemmas, see Altintas and Owa [1].

Lemma 1. A function f(z) of the form (1.1) is in the class T (4, @), if and only if
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D (n—dan—a +a)a, < (1 - a).(1.9)
n2
Lemma 2. A function f(z) of the form (1.1) is in the class C (4, @), if and only if

in(n —lan—a+ Aa)a, < (1 —a). (1.10)
2

Main Results
Theorem 2.1. If k € R, (k > 0), then z3Rx(@, a, b; ¢, d; k; z) is in the class T (A, @), if and only if

(1—Aa)sRa(p +L,a+k,b+k;c+k,d+kk;1)
(@I (D)L (c+k)T(d+k)

+(1 - a)s;Rx(p,a,b;c,d; k; 1) P ON @@t G 5 <0. 2.1n
Proof: Since
zZ3Ry(p,a,b;c,d; k; 2) =
_ |((p)F(c)F(d)| Z (@+1)p_ T (a+k+k(m=2)(b+k+k(n-2)) z" (2 2)
I'(a)T'(b) [(c+k+k(n—2))I(d+k+k(n-2)) Wpv’ )

by Lemma 1, it is sufficient to prove that

(p+1)p_l(a+k+k(n=2))'(b+k+k(n-2)) | I'(a)T'(b)
[(ctk+k(n—2))L(d+k+k(m-2))(Dpn-y — (@) ()T (d)

i(n—lan—a+ﬂa) |(1—a).
n2

Now we have

(p+1)p—_2l(a+k+k(n-2))['(b+k+k(n-2))
[(ct+k+k(n—2))T(d+k+k(n-2))(1)n-1

Z(n—lan—a + Aa)
"2

1 (p+1)_I'(a+k+k(n-2))['(b+k+k(n—-2))
=(1—1a) Z(n) T(c+k+k(n—2))T(d+k+k(n—2))(1)p_,

(p+1)p_I'(a+k+k(n-2))I'(b+k+k(n-2))
[(ct+k+k(n—2))0(d+k+k(m-2))(Dp_1

-(1- /1)

(p+1) I'(a+k+kn)['(b+k+kn)
I(c+k+kn)(d+k+kn)(1)p41

ie. =(1- Aa)Z(n+ 2)

(1 _ (p+D)pl(atk+kn)(b+k+kn)
(1 A)az T(c+k+kn)I(d+k+kn)(1)n41

. — 1 < (p+1)uI'(a+k+Ekn)T'(b+k+kn)
1e =(1-1a) Z T(c+k+kn)T(d+k+kn) (1),
(@)nl'(a+kn)T'(b+kn)
()T (c+kn)T(d+kn) (1),

(a)

which on using (1.5) yields

o ) a3 T@+Or(b+k)
=1 —-Aa)sR(p+1,a+kb+k;c+kd+k; I;,( 1)1—{17(;+k)r(d;(—k))r(b) o
1 - R y &, b; ) d; k; 1 = - = = =
+(1 — @)[Rag, a, b c ) orer@ ~ wror@ |(<p)r(c)r(a)| -

The theorem is completely proved.
Corollary 1. z3F,(9,a, b; c,d; z) is in the class T(4, ), if and only if
(1-2a)F(p+La+1,b+1;c+1,d+1;1)

d
+(1 - @)sFx(9,a, b; ¢, d; 1) ((p(;()()()b) 0.(2.3)

Proof. If we set k =1 in (2.1), the proof is completed.

Corollary 2. z,R(p,a; c; k; z) is in the class T(4, @), if and only if
1—-2Aa)Ri(p+1,a+k;c+k;k1)

+(1— @)Ri(@, @ c; ;1) —2LEHD

2.
(@)rr+k) = 0. 23)
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Proof. If we set b = d in (2.1), the proofis completed.

Theorem 2.2. If k € R, (k > 0), then
Ry(p,a,b;c,d; k; z) = z[2 —3R:(@, a,b; c,d; k; z)] is in the class T' (4, ), if and only if

. 1. ()T (a+k)T'(b+k)
(1—Aa)Re(p + La+kb+kic+kd+k k)T mome

I'(@r(p) _ I'(@)r(b) _
F(C)F(d)sr(c)r(a) (1-a). (2.5)

+(1 - a)[3Rx¢p,a,b;c,d; k; 1) — 1]

Proof.

00

Ro(g, a,b; ¢, d; k; 2) = 7 — Z rr(d) (@)n-1r(a+k(n-))rb+k(n-1)) ,
=2

L(@)I'(b) I'(c+k(n—1))r(d+k(mn—-1))(Dn-1

(2.6)

By Lemma 1, we need only to show that

N 3 (@n_1l(a+k(n-D) (b+k(-1) _ T@L®) o
;(n Aan — a + Aa) r(c+k(m-1))r(d+k(n-1))(1p_y = r(erd) 1 -a).

Now,

i(n _ dan — a + Ag) Dol (@K Db k(n-)
2

I(ct+k(n-1))I(d+k(m-1)) (-1

Ny 3 1 @il (atk(-D)I(b+k(n-1)
75[(71 1)(1 Aa) + (1 a')] I(c+k(n-1))r(d+k(n-1))(Dn-1

. _ _ < (p+1)p_1I'(a+k+k(n-1)) I'(b+k+k(n—-1))
L.e. (1 ﬂa)(PrFlZ [(c+k+k(n—1)) I(d+k+k(n—1)) (1)p_q
< (@)nl'(a+kn)'(b+kn)
+(1- a)mlz [(c+kn)[(d+kn)(1),

—(1 _ x (p+1) I (a+k+kn)T'(b+k+kn)
(1 Aa)(p;: I'(c+k+kn)I(d+k+kn)(1),

< (@)nI'(a+kn)I'(b+kn) _ r'(a)r'(pb)

+(1-a) Ll T(ctkmI (@ +kn)(Dn T (d)
Hence,
i . (@)T(a+k)LC(b+k)
(1—2a)sRy(p +1,a+k,b+k;c+kd+kk;1) T @
+(1 — @)[sRa(, @, b; ¢, d; k; 1) — 1] =L@ L T@WIO) (4 _ gy

r(r(d) = r(erd)
The proof is completed.
Corollary 3. Fo(@, a, b; c,d; z) = z[2-3F2(@, a, b; ¢, d; z)] is in the class T (4, @) if and only if
(1-2da):sFx@+La+Lb+Lc+1,d+1; 1)%

+(1 — a)[3Fxe,a,b;c,d; 1) — 1] < (1 — ). (2.7)
Proof. If we set k = 1 in (2.5), the proofis completed.
Corollary 4. Ri(¢, a; c; k; z) = z[2-,Ri(@, a; ¢c; k; z)] is in the class T (4, @) if and only if

(@) (a+k
(1= 2a)Ri(@ + 1@+ kic + k; ks 1) e
I'(a) _ I'(@)
+A- bR ek D -1 2 < o0 -a). (2.8)

Proof. If we set b = d in (2.5), the proofis completed.
Theorem 2.3. If k € R, (k > 0), then z3Ry(@, a, b; ¢, d; k; z) is in the class C(4, @), if and only if

) 1 (@+DI(a+2K)[ (b+2k)
(1 —Aa)sRy(p + 2,a + 2k, b + 2k; c + 2k, d + 2k; k; 1) T 2T I
) 12y D@+ (b+k)
+(B—a—-21a):Ryp+1,a+kb+k;c+kd+kk1) T BN
R r'(a)I(b)
+(1 —a);Ry(p,a,b;c,d; k; 1) orora@ =0 2.9
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Proof. From (2.2), we have
z 3R2((p; a, b; c, d; k; Z) =

4 |((p)F(c)F(d)| i (@+1D)y_oT(a+k+k(n—2))I(b+k+k(n-2)) z"
I'(a)T'(b) = [(c+k+k(n—2))I(d+k+k(n-2)) Dn-1

By Lemma 2, it is sufficient to prove that

Zn(n _Jan—a + Aa) (p+D)p—2l(a+k+k(n—2))0(b+k+k(n-2)) < |( [(a)I'(b) | (1-a)
n2

[(ct+k+k(n—2))(d+k+k(n—2))(1)n-1 @) (c)r(d)

Now we have

S _ _ _ (p+1)nl'(a+k+kn)[(b+k+kn)
;(Tl * 2) [(n * 2)(1 /161’) 61’(1 /1)] I'(c+k+kn)T(d+k+kn)(1) 44

_ _ < 2 (p+1),I'(atk+kn)l'(b+k+kn)
=(1-2a) ;(n +1) C(c+k+kn)T(d+k+kn)(1) 41

oy X (p+1)p(a+k+kn)[(b+k+kn)
+(2 @ /161’) ;(Tl + 1) I'(c+k+kn)I'(d+k+kn)(1)p4q

+(1—a) N (p+1D) I (a+k+kn)I'(b+k+kn)
£ T(etktkm)I(d+k+kn) (D

_ _ OO (p+1) I (a+k+kn)T'(b+k+kn)
B (1 /161’) ;(Tl + 1) I'(c+k+kn)I'(d+k+kn)(1),

+(2 —a — 1) (p+1)pI(a+k+kn)I(b+k+kn)

o I(c+k+kn)T(d+k+kn)(1)y

< (p+1),I'(a+k+kn)['(b+k+kn)
1 -a) ; [(c+k+kn)[(d+k+kn) (Vs

B B o (p+D)p(a+k+kn)[(b+k+kn)
=(1-1a) ;(n) I(c+k+kn)I(d+k+kn)(1)p

o < (p+1)pl'(a+k+kn)T'(b+k+kn)
+(3 a 2/161’) ; I'(c+k+kn)I'(d+k+kn)(1),

< (@)nl'(a+kn)'(b+kn)
1 -a) §(<p)(c+kn)r(a+kn)(1)n

—1_ S (1) (@+ DT (a4 2k +k) [ (b+2k+kn)
=(1 /10!)%: [(c+2k+kn)T(d+2k+kn) (1),

o < (p+1),I'(a+k+kn)(b+k+kn)
+(3 a 2/161’) ; I'(c+k+kn)I'(d+k+kn)(1),

+(1 _ (X) (@)nI'(a+kn)I'(b+kn) I'(a)r'(b)

g (@I (c+kn)l(d+kn)(1)n,  (@)T()I(d)

—(1—A2)sRa(@ + 2, a + 2k, b + 2k; ¢ + 2k, d + 2k; k; 1) iR er2OTb+20)

[(c+2k)I(d+2k)
+(B—a—22a)Ra(@ + La+kb+kc+kd+kk 1)%
+(1— a)sRa(g, a b ¢, d; k; 1)% —1- a)%
The proof is completed.

Corollary 5. z3Fx(@,a, b; c,d; z) is in the class C(4, «) if and only if

i L1 (p+1D)(a)(a+1)(b)(b+1)
(1—Aa)sFa(p+2,a+2,b+2;c+2,d+2;1) O D@@rD
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(@) (b)
©(d

+(B3—a—21a)Fp+1,a+1,b+1;c+1,d+ 1;1)
+(1 — @)sF(g, a,b; ¢, d; 1) FT) <0. (2.10)
Proof. If we set k = 1 in (2.9), the proof'is completed.
Corollary (6). z-Ri(p,a; c; k; z) is in the class C (4, «) if and only if

. . (p+1)I'(a+2k)
(1—2Aa):Ri(g + 2,a + 2k; ¢ + 2k; k; 1) [—F(mk)
I'(a+k)
+(B—a—22a)Ri(p+1,a+k;c+k;k1) F(:+k)
Ir'a)
— . . . <
+(1 —a)Ri(p,a;c;k; 1) oo = 0.(2.11)

Proof. If we set b = d in (2.9), the proof'is completed.

Theorem 2.4. If k € R, (k > 0), then
Ry(p,a,b;c,d; k; z) = z[2-3Rs(p, a, b; ¢,d; k; z)] is in the class C(4, ) if and only if

i . (p+1)I'(a+2k)I'(b+2k)
(1 —2a);Ry(p + 2,a + 2k, b + 2k; c + 2k, d + 2k; k; 1) ORI
) 1y T@+R(b+k)
+(B3—a—21a):Ry(p+1,a+kb+k;c+kd+kik;1) T Ot @t
+(1—a);Ry(p,a,b;c,d; k;1) < 0. (2.12)

Proof. By (2.6) we have

i e — o < (@)L(OT(d) (p+D) oI (a+k+k(n-2))F (b+k+k(n-2)) .
Ro(p,a,bc,d; ki 2) = z ~ T(@r®) [ (c+k+k(m—-2))I (d+k+k(n—2))(Dn—1

By Lemma 2, we need only to show that

(@+D)p—2l(atk+k(n-2))r(b+k+k(n-2))
[(ct+k+k(n—2))(d+k+k(n—2))(1)n-1

< |F(a)F(b)| )

Zn(n —Aan—a + Aa) @)
)

(p+1)(a+k+kn)(b+k+kn)
I'(c+k+kn)I'(d+k+kn)(1)p4q

i(n +2)[(n+2)(1 - Aa) —a(1 —2)]
0

—(1 _ < n+1)2(p+1),T(a+k+kn)T(b+k+kn)
=(1 /10:); [(c+k+kn)T(d+k+kn)(Dpsq

(n+1) (p+1),I'(a+k+kn)I'(b+k+kn)
I'(c+k+kn)I'(d+k+kn)(1) 41

+2—a—2a)
0

< (p+1),I'(a+k+kn)['(b+k+kn)
+(1 - a);: [(c+k+kn)[(d+k+kn) (Vs

1 A N (@+Dnl (a+k+km)T(b+k+kn)
(1 )l(l); I(c+k+kn)T(d+k+kn)(1)y

o x (p+1) I (a+k+kn)[(b+k+kn)
+(2 @ /161’); I'(c+k+kn)I'(d+k+kn)(1)y
< (p+1)nl'(a+k+kn)[(b+k+kn)

t(1-a) T(c+k+kn)T(d+k+kn) (Vs

n0

_ _ < M) (@+1),I'(a+k+kn)I'(b+k+kn)
(1 /161’); I'(c+k+kn)I'(d+k+kn)(1),

o+1),I'(a+k+kn)I'(b+k+kn)
I'(c+k+kn)I'(d+k+kn)(1),

+B—-a-— Zﬂa)z(
0

< (p+1)_1I'(a+kn)I'(b+kn)
I'(c+kn)I'(d+kn)(1),

+(1—-a)
P
(1 — Aa)sRa(e + 2,a + 2k, b + 2k; ¢ + 2k,d + 2k; k; 1)

(p+1)I'(a+2k)['(b+2k)
I'(c+2k)T(d+2k)
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) . T(a+k)T(b+k)
+(B—a—-2a);R(p+1,a+k,b+k;c+kd+k;k;1) TR
r(@r) r(@)r'(b)
_ . L. _ < _
+( =@ [Ra(p,a,bic diki D) — 1 s < || (- o

The Theorem is completely proved.
Corollary 7. Fy(p, a, b; ¢, d; z) = z[2-3F,(p,a, b; c,d; z)] is in the class C (4, @) if and only if
(1= 2A)sFo(@ + 2,a + 2,b + 2; ¢ + 2,d + 2; 1) @@ D@+ V(@) @)(®)

(c+1)(d+1)(c)(d)
+@B-a-21a)RK(@+La+1l,b+Lc+1L,d+ 11 E‘Sﬁfg
+(1- @) sFalg, @, bc,d; 1) <. (2.14)

Proof. If we set k = 1in (2.12), the proof is completed.
Corollary 8. Ri(@, a; ¢; k; z) = z[2-,Ri(p, a; c; k; z)] isin the class C(4, @) if and only if

(p+1)I'(a+2k)
(1 — /1(){)2R1((P +2,a+ 2k;c + 2k; k; 1)w
I'(a+k)

+(3—a—2a),Rilp +1,a+k;c+kk; 1)—(pF(c+k)
r'(a)
— ol <
+(1—a)Rilp,a;c;1) i 0. (2.15)

Proof. If we set b = d in (2.12), the proof is completed.

3.An Integral Operator
In this section, we obtain similar results (those obtained in the preceding section) for a particular integral
operator G(¢, a,b; ¢, d; k; z) that acts on 3Ry(@, a, b; ¢, d; k; z) we define:
Glg,a,b;c,d; k; z) = J‘ng((p, a,b;c,d; k; x)dx (3.1)
0

Theorem 3.1. Let k € R,k > 0. Then G(¢, a, b; ¢, d; k; z) is in the class T (4, @), if and only if
) . ['(@)T(b)[(c+K)T(d+k)
(1 = Aa)sRa(g, a,bsc,d; k; 1) (@)T(OT(AI (a+k) T (b+k)

o o I'(a—k)T(b—K)T(c+K)T(d+k)
—a(l=DsRalp —La-kb-kc—kd-kkl) (9—1),T(c—=K)T(d-K)T'(a+K)T(b+k)

I'(a—k)I(b—K)I(c+K)T(d+k)
ta(l-4) [((p—1)2F(c—k)F(d—k)F(a+k)F(b+k) =0 (3.2)
Proof. Since

. e — o (<p)r(c)r(d)| < (@+Dn_ol(atk+k(n-2)I(b+k+k(n-2)) z"
Glp.a,bic,d;k;z) =z | I'(a)l'(b) ; [(c+k+k(n-2))I(d+k+k(n-2)) D) (3.3)
By Lemma 1, it is sufficient to prove that

(@+1D)p_oT(a+k+k(n—2)) (b+k+k(n-2))T(c+k)I(d+k)
[(c+k+k(n-2))T(d+k+k(n—2))T(a+k)T(b+k)(1),

Z(n—/lan—a+la)
"2

[(@)T(B)T(c+k)T(d+k)
= Ir(a+k)T(b+k)T()I(d)
Now we have

00

(1-a)

(@+1)p_oT(a+k+k(n—2))I(b+k+k(n—2))T(c+k)T(d+k)

; [n(1 = 1a) — a(l - 2)] T(c+k+k(n—2))I(d+k+k(n—2))T(@+k)[(b+k)(1)n

_ _ < (p+1),I'(a+k+kn)I'(b+k+kn)T'(c+k)I'(d+k)
=@ Aa)%: (n+2) [(c+k+kn)T(d+k+kn)(a+k)T(b+k)(Ln42

_ _ < (p+1)pT(a+k+kn)T(b+k+kn)T(c+k)T(d+k)
a(l /1); [(c+k+kn)T(d+k+kn)T(a+k)T(b+k)(1)n42

_ _ < (p+1),T(a+k+kn)T'(b+k+kn)T(c+k)T'(d+k)
I.€. =@ Aa)%: T (c+k+kn)T(d+k+kn)T(a+k)T(b+k)(1) 41

_ _ ~ (@)nT(a+kn)T(b+kn)T(c+k)T(d+k)
61’(1 )l) mlz (@)T(c+kn)T(d+kn)T(a+k)T(b+k)(Dpnt1

on simplification (details are avoided) we get
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(1 . L [(@)T(B)T(c+K)T(d+k)  T(@)T(b)T(c+k)T(d+k)

= (1 =2)[sRog, @ b ¢, ds k5 1) (@) (T (a+k)T(b+k) (cp)F(c)F(d)F(a+k)F(b+k)]
o . ['(a—k)C(b—k)T (c+k)T(d+k)

—a(1—-2s3R(p—1l,a—kb—kic—k,d—k;k;1) O DTN @ )BT

+a(1-2) [ T(a—I)T(b—I)T(c+R)T (d+k) (@—DI(@)T(B)T(c+k)T(d+k)

The proof is completed.

(@—1),T(c—k)T(d—K)T(a+k)[(b+k) = (9p—1),T()I(d)(a+k)I(b+k)l’

Corollary 9. G(¢, a, b; ¢, d; z) is in the class T (4, @), if and only if

N OIC)
(1 - Aa)sFa(g,a,b;c, d; 1) (@ (@(b) (c-1),(d-1)
c—1.d—1:1)—cBD20d7D2
—a(1=-ADsf(p-La-1b-1Lc-1d-11) (9=1)2(a=1)2(b-1),

_ (c=1)2(d-1),
+(X(1 /1) [((P 1)2(a=1),(b- 1)2] - (3:4)

Proof. If we set k =1in (3.2), the proof is completed.

Corollary 10. Let k € R,k > 0 then G(¢, a; c; k; z) is in the class T(4, @), if and only if

L. I'(a)T(c+k)
(1 Aa)ZRl((p; a,c; k! 1) (@) (O (a+k)
—a(1—-MR(p—lLa—kic—k;k;1)
I'(a—k)T(c+k)
+a(l -2 [(cp—l)zl“(c—k)l“(a+k)
Proof. If we set b = d in (3.2), the proof is completed.

I'(a—k)I(c+k)
(¢-1),T'(c—k)I(a+k)

<0. (3.5)

Remark 1. We observe that G(¢, a, b; ¢, d; z) € C(4, a) if and only if

z 3Ri(@,a,b;c,d;k;z) €T(A ). Thus any result of functions belonging to the class T(4,a) about z
3Ry, a,b;c,d; k; z) leads to that of functions belonging to the class C(A, @). Hence we obtain the following
analogous result to Theorem 2.1.

Theorem 3.2. G(¢, a, b; ¢, d; z) defined by (3.1) is in C(4, @) if and only if
(1—-2a)sRi(p+1L,a+k,b+k;c+k,d+k;k;1)

. L [(@)T(b)T(c+k)T(d+k)
+(1 — a)sRi(p,a,b;c,d; k; 1) PO DGO <0. (3.6)
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