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Abstract: The aim of the present paper is to obtain sufficient 
conditions for the function 3 ݖR2(߮, ܽ,ܾ; ܿ,݀;݇;  for its (ݖ
belongingness to certain subclasses of starlike and convex 
functions. Similar results, using integral operator, are also 
obtained. 
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1. Introduction 
   Let  ܶ denote the class consisting of functions ݂(ݖ), given by  

(ݖ)݂  = ݖ −


2n

ܽ௡ݖ௡               (ܽ௡ ≥ 0),                                                                (1.1) 

which are analytic and univalent in the open unit disk U = {ݖ: |ݖ| ≤ 1}. 
   Let ܶ(ߙ,ߣ) is the subclass of the class ܶ. Which has functions satisfying the condition 
 ܴ݁ ቄ ௭௙′(௭)

ఒ௭௙′(௭)ା(ଵିఒ)௙(௭)
ቅ >  (1.2)                                                                                      ,ߙ

for some 0)ߙ ≤ ߙ < 1), 0)ߣ ≤ ߣ < 1) and for all ݖ ∈ ܷ. 
      Also let ߣ)ܥ,  denote the subclass of ܶ constituted by functions those satisfy the condition (ߙ
 ܴ݁ ቄ ௙

′(௭)ା௭௙"(௭)
௙′(௭)ାఒ௭௙"(௭)

ቅ >  (1.3)                                                                                            ,ߙ
for some 0)ߙ ≤ ߙ < 1), 0)ߣ ≤ ߣ < 1) and for all ݖ ∈ ܷ. 
    From (1.2) and (1.3), we have 
(ݖ)݂  ∈ ⇔ (ߙ,ߣ)ܥ (ݖ)′݂ݖ ∈   (1.4)                                                                   .(ߙ,ߣ)ܶ
 We note that ܶ(0,ߙ) = 0)ߙ the class of starlike functions of order  ,(ߙ)∗ܶ ≤ ߙ < 1) 
and (ߙ,0)ܥ = 0)ߙ the class of convex functions of order ,(ߙ)ܥ ≤ ߙ < 1)                      (see Silverman[5]). 
    Following definitions [3] will be required in proving the main results: 

3ܴଶ௞(ݖ) =3R2(߮,ܽ,ܾ; ܿ,݀; ݇; (ݖ = Γ(௖)Γ(ௗ)
Γ(௔)Γ(௕)



0n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
Γ(௖ା௞௡)Γ(ௗା௞௡)

௭೙

(௡)!
,               (1.5) 

where |ݖ| < 1,݇ > 0. 
    If we set ܾ = ݀, then the generalized hypergeometric function 3ܴଶ௞(ݖ) reduces to the result due to Virchenko, Kalla 
and Zamel [6], as 

2ܴଵ௞(ݖ) =2R1(߮,ܽ; ܿ; ݇; (ݖ = Γ(௖)
Γ(௔) 



0n

(ఝ)೙Γ(௔ା௞௡)
Γ(௖ା௞௡)

௭೙

(௡)!
.                                         (1.6) 

   For ݇ = 1, (1.5) reduces to the Clausenian hypergeometric function studied by Saxena and Kalla [4] 

3F2(߮, ܽ, ܾ; ܿ, (ݖ;݀ = 


0n

(ఝ)೙(௔)೙(௕)೙
(௖)೙(ௗ)೙

௭೙

(௡)!
,                                                              (1.7) 

and for ݇ = 1, (1.6) reduces to the Gauss hypergeometric function 

2F1(߮, ܽ; ܿ; (ݖ = 


0n

(ఝ)೙(௔)೙
(௖)೙

௭೙

(௡)!
.                                                                             (1.8) 

    In the present paper we shall use the following lemmas, see Altintas and Owa [1]. 
 
Lemma 1. A function ݂(ݖ) of the form (1.1) is in the class ܶ(ߣ,  if and only if ,(ߙ



Chena Ram and Garima Agarwal 

Copyright © 2012, Statperson Publications, Iinternational Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 4 Issue 2    2012 




2n
(݊ − ݊ߙߣ − ߙ + ௡ܽ(ߙߣ ≤ (1 −  (1.9) .(ߙ

 Lemma 2. A function ݂(ݖ) of the form (1.1) is in the class ߣ)ܥ,  if and only if ,(ߙ




2n
݊(݊ − ݊ߙߣ − ߙ + ௡ܽ(ߙߣ ≤ (1    (1.10)                                                            .(ߙ−

 

Main Results 
Theorem 2.1. If  ݇ ∈ ܴ, (݇ > 0), then 3 ݖR2(߮,ܽ,ܾ; ܿ,݀; ݇;  if and only if ,(ߙ,ߣ)ܶ is in the class (ݖ
            (1− ߮)3R2(ߙߣ + 1, ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇; ݇; 1) 
                               +(1− ;ܾ,ܽ,߮)3R2(ߙ ܿ, ݀; ݇; 1) Γ(௔)Γ(௕)Γ(௖ା௞)Γ(ௗା௞)

(ఝ)Γ(௖)Γ(ௗ)Γ(௔ା௞)Γ(௕ା௞)
≤ 0.            (2.1) 

Proof: Since 
,ܽ,߮)3R2 ݖ ܾ; ܿ,݀;݇; (ݖ = 

ݖ   − ቚ(ఝ)Γ(௖)Γ(ௗ)
Γ(௔)Γ(௕) ቚ



2n

(ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))
Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))

௭೙

(ଵ)೙షభ
,              (2.2) 

by Lemma 1, it is sufficient to prove that 

  


2n
(݊ − ݊ߙߣ − ߙ +  (ߙߣ

(ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))
Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))(ଵ)೙షభ

≤ ቚ Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

ቚ (1 −  .(ߙ

Now we have 

  


2n
(݊ − ݊ߙߣ − ߙ +  (ߙߣ

(ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))
Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))(ଵ)೙షభ

 

(ߙߣ−1)=    
 



2n
(݊) (ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))

Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))(ଵ)೙షభ
                                                             

 −(1 − ߙ(ߣ


2n

(ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))
Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))(ଵ)೙షభ

 

i.e. = (1−ߙߣ)
 



0n
(݊ + 2) (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)

Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ
                                                             

 −(1 − ߙ(ߣ


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

i.e = (1−ߙߣ)
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

                                                              

 +(1 (ߙ−


1n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
(ఝ)Γ(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙

, 

which on using (1.5) yields 
= (1 − ߮)3R2(ߙߣ + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇;݇; 1) Γ(௔ା௞)Γ(௕ା௞)

Γ(௖ା௞)Γ(ௗା௞)
 

                               +(1− ,߮)3R2](ߙ ܽ,ܾ; ܿ,݀; ݇; 1) Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

− Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

]     ≤ ቚ Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

ቚ (1 −  .(ߙ
The theorem is completely proved.     
 

Corollary 1.  3 ݖF2(߮,ܽ, ܾ; ܿ, ݀; ,ߣ)ܶ is in the class (ݖ  if and only if ,(ߙ
               (1− ߮)3F2(ߙߣ + 1,ܽ + 1,ܾ + 1; ܿ + 1,݀ + 1; 1) 
                               +(1− ;ܾ,ܽ,߮)3F2(ߙ ܿ,݀; 1) (ୡ)(ୢ)

(ఝ)(ୟ)(ୠ)
≤ 0. (2.3) 

 

 Proof. If we set ݇ =1 in (2.1), the proof is completed. 
 

Corollary 2.  2 ݖR1(߮,ܽ; ܿ;݇;  if and only if ,(ߙ,ߣ)ܶ is in the class (ݖ
               (1− ߮)2R1(ߙߣ + 1,ܽ + ݇; ܿ + ݇; ݇; 1) 
                               +(1− ;ܽ,߮)2R1(ߙ ܿ; ݇; 1) Γ(ୟ)Γ(ୡା୩)

(ఝ)Γ(ୡ)Γ(ୟା୩)
≤ 0.  (2.3) 
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Proof. If we set ܾ = ݀ in (2.1), the proof is completed. 
 
Theorem 2.2. If  ݇ ∈ ܴ, (݇ > 0), then  
R2(߮,ܽ,ܾ; ܿ,݀; ݇; (ݖ ,߮)3R2 − 2]ݖ  = ܽ,ܾ; ܿ,݀; ݇;  if and only if ,(ߙ,ߣ)ܶ is in the class [(ݖ
 
 (1 − ߮)3R2(ߙߣ + 1, ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇; ݇; 1) (ఝ)Γ(௔ା௞)Γ(௕ା௞)

Γ(௖ା௞)Γ(ௗା௞)
 

               +(1− ;ܾ,ܽ,߮)3R2](ߙ ܿ,݀; ݇; 1) − 1] Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

≤ Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

 (1 −  (2.5)                 .(ߙ
Proof.  

R2(߮,ܽ,ܾ; ܿ,݀; ݇; (ݖ = ݖ −


2n

Γ(௖)Γ(ௗ)
Γ(௔)Γ(௕)

(ఝ)೙షభ௰൫௔ା௞(௡ିଵ)൯௰(௕ା௞(௡ିଵ))
௰൫௖ା௞(௡ିଵ)൯௰(ௗା௞(௡ିଵ))(ଵ)೙షభ

 ௡          (2.6)ݖ

By Lemma 1, we need only to show that           




2n

(݊ − ݊ߙߣ − ߙ + (ߙߣ (ఝ)೙షభ௰൫௔ା௞(௡ିଵ)൯௰൫௕ା௞(௡ିଵ)൯
௰൫௖ା௞(௡ିଵ)൯௰൫ௗା௞(௡ିଵ)൯(ଵ)೙షభ

≤ Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

(1  .(ߙ−

Now, 




2n

(݊ − ݊ߙߣ − ߙ + (ߙߣ (ఝ)೙షభΓ൫௔ା௞(௡ିଵ)൯Γ൫௕ା௞(௡ିଵ)൯
Γ൫௖ା௞(௡ିଵ)൯Γ൫ௗା௞(௡ିଵ)൯(ଵ)೙షభ

 

=


2n
[(݊ − 1)(1 − (ߙߣ + (1 − [(ߙ (ఝ)೙షభΓ൫௔ା௞(௡ିଵ)൯Γ൫௕ା௞(௡ିଵ)൯

Γ൫௖ା௞(௡ିଵ)൯Γ൫ௗା௞(௡ିଵ)൯(ଵ)೙షభ
 

i.e. =(1 − ߮(ߙߣ


1n

(ఝାଵ)೙షభΓ(௔ା௞ା௞(௡ିଵ)) Γ(௕ା௞ା௞(௡ିଵ))
Γ(௖ା௞ା௞(௡ିଵ)) Γ(ௗା௞ା௞(௡ିଵ)) (ଵ)೙షభ

 

               +(1− (ߙ


1n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
Γ(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙

  

=(1 − ߮(ߙߣ


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

               +(1− (ߙ ൥


0n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
Γ(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙

− Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

൩       

Hence, 
(1 − ߮)3R2(ߙߣ + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇; ݇; 1) (ఝ)Γ(௔ା௞)Γ(௕ା௞)

Γ(௖ା௞)Γ(ௗା௞)
 

               +(1− ;ܾ,ܽ,߮)3R2](ߙ ܿ,݀; ݇; 1) − 1] Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

≤ Γ(௔)Γ(௕)
Γ(௖)Γ(ௗ)

 (1 −          .(ߙ
The proof is completed.   

         

Corollary 3. F2(߮,ܽ,ܾ; ܿ,݀; (ݖ ,߮)3F2 -2]ݖ  = ܽ,ܾ; ܿ,݀; ,ߣ)ܶ is in the class [(ݖ  if and only if (ߙ
 (1 − ߮)3F2(ߙߣ + 1, ܽ + 1, ܾ + 1; ܿ + 1, ݀ + 1; 1) (ఝ)(௔)(௕)

(௖)(ௗ)
 

               +(1− ,߮)3F2](ߙ ܽ,ܾ; ܿ,݀; 1) − 1] ≤ (1  (2.7)                                                 .(ߙ−
Proof. If we set ݇ = 1 in (2.5), the proof is completed.  
Corollary 4. R1(߮,ܽ; ܿ; ݇; (ݖ ,߮)2R1 -2]ݖ  = ܽ; ܿ; ݇;  if and only if (ߙ,ߣ)ܶ is in the class [(ݖ
 (1 − ߮)2R1(ߙߣ + 1, ܽ + ݇; ܿ + ݇; ݇; 1) (ఝ)Γ(௔ା௞)

Γ(௖ା௞)
 

               +(1− ;ܽ,߮)2R1](ߙ ܿ; ݇; 1)− 1] Γ(௔)
Γ(௖)

≤ Γ(௔)
Γ(௖)

(1 −  (2.8)                                      .(ߙ
Proof. If we set ܾ = ݀ in (2.5), the proof is completed.  
  

Theorem 2.3. If  ݇ ∈ ܴ, (݇ > 0), then 3 ݖR2(߮,ܽ,ܾ; ܿ,݀; ݇;  if and only if ,(ߙ,ߣ)ܥ is in the class (ݖ
 

 (1 − ߮)3R2(ߙߣ + 2, ܽ + 2݇,ܾ + 2݇; ܿ + 2݇,݀ + 2݇; ݇; 1) (ఝାଵ)Γ(௔ାଶ௞)Γ(௕ାଶ௞)
Γ(௖ାଶ௞)Γ(ௗାଶ௞)

 

               +(3− ߙ − ߮)3R2(ߙߣ2 + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇, ݀ + ݇; ݇; 1) Γ(௔ା௞)Γ(௕ା௞)
Γ(௖ା௞)Γ(ௗା௞)

 

                                  +(1 ,߮)3R2(ߙ− ܽ,ܾ; ܿ,݀;݇; 1) Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

≤ 0.                             (2.9) 
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Proof. From (2.2), we have 
,ܽ,߮)3R2 ݖ ܾ; ܿ,݀;݇; (ݖ = 

ݖ  − ቚ(ఝ)Γ(௖)Γ(ௗ)
Γ(௔)Γ(௕) ቚ



2n

(ఝାଵ)೙షమΓ(௔ା௞ା௞(௡ିଶ))Γ(௕ା௞ା௞(௡ିଶ))
Γ൫௖ା௞ା௞(௡ିଶ)൯Γ(ௗା௞ା௞(௡ିଶ))

௭೙

(ଵ)೙షభ
 

By Lemma 2, it is sufficient to prove that 




2n
݊(݊ − ݊ߙߣ − ߙ + ೙షమΓ൫௔ା௞ା௞(௡ିଶ)൯Γ൫௕ା௞ା௞(௡ିଶ)൯(ఝାଵ) (ߙߣ

Γ൫௖ା௞ା௞(௡ିଶ)൯Γ൫ௗା௞ା௞(௡ିଶ)൯(ଵ)೙షభ
≤ ቚ Γ(௔)Γ(௕)

(ఝ)Γ(௖)Γ(ௗ)
ቚ (1  (ߙ−

Now we have 




0n
(݊+ 2)[(݊ + 2)(1 − (ߙߣ − −1)ߙ ೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)(ఝାଵ) [(ߣ

Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ
 

 = (1 − (ߙߣ
 



0n
(݊ + 1)ଶ  (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)

Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ
 

      +(2 ߙ− − (ߙߣ
 



0n

(݊ + 1) (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

   +(1 (ߙ−
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

  
= (1 − (ߙߣ

 



0n
(݊ + 1) (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)

Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙
 

      +(2 ߙ− − (ߙߣ
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

   +(1 (ߙ−
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

 
= (1 − (ߙߣ

 



0n
(݊) (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)

Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙
 

      +(3 ߙ− − (ߙߣ2
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

   +(1 (ߙ−
 



1n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
(ఝ)(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙ 

 = (1 − (ߙߣ
 



0n
 (ఝାଵ)(ఝାଶ)೙Γ(௔ାଶ௞ା௞௡)Γ(௕ାଶ௞ା௞௡)

Γ(௖ାଶ௞ା௞௡)Γ(ௗାଶ௞ା௞௡)(ଵ)೙
 

      +(3 ߙ− − (ߙߣ2
 



0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

   +(1 (ߙ− ൥


0n

(ఝ)೙Γ(௔ା௞௡)Γ(௕ା௞௡)
(ఝ)Γ(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙

− Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

൩
  

=(1 − ߮)3R2(ߙߣ + 2, ܽ + 2݇,ܾ + 2݇; ܿ + 2݇,݀ + 2݇; ݇; 1) (ఝାଵ)Γ(௔ାଶ௞)Γ(௕ାଶ௞)
Γ(௖ାଶ௞)Γ(ௗାଶ௞)                    

 +(3− ߙ − ߮)3R2(ߙߣ2 + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇, ݀ + ݇;݇; 1) Γ(௔ା௞)Γ(௕ା௞)
Γ(௖ା௞)Γ(ௗା௞)   

                          +(1− ;ܾ,ܽ,߮)3R2(ߙ ܿ,݀; ݇; 1) Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ) − (1 − (ߙ Γ(௔)Γ(௕)

(ఝ)Γ(௖)Γ(ௗ)             

 ≤ ቚ Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)ቚ (1 −  .(ߙ

The proof is completed. 
 

 Corollary 5.  3 ݖF2(߮,ܽ, ܾ; ܿ, ݀; ,ߣ)ܥ is in the class (ݖ  if and only if (ߙ
    (1 − ߮)3F2(ߙߣ + 2,ܽ + 2,ܾ + 2; ܿ + 2,݀ + 2; 1) (ఝାଵ)(௔)(௔ାଵ)(௕)(௕ାଵ)

(௖)(௖ାଵ)(ௗ)(ௗାଵ)
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ߙ−3)+              − ߮)3F2(ߙߣ2 + 1,ܽ + 1,ܾ + 1; ܿ + 1,݀ + 1; 1) (ୟ)(ୠ)
(ୡ)(ୢ)

 

                            +(1 − ,߮)3F2(ߙ ܽ,ܾ; ܿ,݀; 1) ଵ
(ఝ)

≤ 0.     (2.10) 
Proof. If we set ݇ = 1 in (2.9), the proof is completed. 
 

Corollary (6).  2 ݖR1(߮,ܽ; ܿ; ݇;  if and only if (ߙ,ߣ)ܥ is in the class (ݖ
    (1 − ߮)2R1(ߙߣ + 2, ܽ + 2݇; ܿ + 2݇; ݇; 1) ቂ(ఝାଵ)Γ(௔ାଶ௞)

Γ(௖ାଶ௞)
ቃ 

ߙ−3)+              − ߮)2R1(ߙߣ2 + 1,ܽ + ݇; ܿ + ݇; ݇; 1) Γ(ୟା୩)
Γ(ୡା୩)           

                    +(1 − ;ܽ,߮)2R1(ߙ ܿ; ݇; 1) Γ(ୟ)
(ఝ)Γ(௖)

≤ 0. (2.11) 
Proof. If we set ܾ = ݀ in (2.9), the proof is completed. 
 

Theorem 2.4. If  ݇ ∈ ܴ, (݇ > 0), then  
R2(߮,ܽ,ܾ; ܿ,݀; ݇; (ݖ ,߮)3R2 -2]ݖ  = ܽ, ܾ; ܿ,݀; ݇;  if and only if (ߙ,ߣ)ܥ is in the class [(ݖ
 

 (1 − ߮)3R2(ߙߣ + 2, ܽ + 2݇,ܾ + 2݇; ܿ + 2݇,݀ + 2݇; ݇; 1) (ఝାଵ)Γ(௔ାଶ௞)Γ(௕ାଶ௞)
Γ(௖ାଶ௞)Γ(ௗାଶ௞)

 

ߙ−3)+              − ߮)3R2(ߙߣ2 + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇;݇; 1) Γ(௔ା௞)Γ(௕ା௞)
(ఝ)Γ(௖ା௞)Γ(ௗା௞)

 
               +(1− ,ܽ,߮)3R2 (ߙ ܾ; ܿ, ݀; ݇; 1) ≤ 0.                                                               (2.12) 
Proof. By (2.6) we have 

R2(߮,ܽ,ܾ; ܿ,݀; ݇; (ݖ = ݖ −


2n

(ఝ)Γ(௖)Γ(ௗ)
Γ(௔)Γ(௕)

(ఝାଵ)೙షమ௰൫௔ା௞ା௞(௡ିଶ)൯௰(௕ା௞ା௞(௡ିଶ))
௰൫௖ା௞ା௞(௡ିଶ)൯௰(ௗା௞ା௞(௡ିଶ))(ଵ)೙షభ

     ௡   (2.13)ݖ

By Lemma 2, we need only to show that 




2n
݊(݊ − ݊ߙߣ − ߙ + (ߙߣ (ఝାଵ)೙షమΓ൫௔ା௞ା௞(௡ିଶ)൯Γ൫௕ା௞ା௞(௡ିଶ)൯

Γ൫௖ା௞ା௞(௡ିଶ)൯Γ൫ௗା௞ା௞(௡ିଶ)൯(ଵ)೙షభ
≤ ቚΓ(௔)Γ(௕)

Γ(௖)Γ(ௗ)
ቚ (1  .(ߙ−




0n

(݊ + 2)[(݊ + 2)(1 − (ߙߣ − 1)ߙ − [(ߣ (ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

=(1 − (ߙߣ


0n

(௡ାଵ)మ(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

  +(2 − ߙ − (ߙߣ


0n

(௡ାଵ)(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

  

                                +(1 (ߙ−


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

  

=(1 − (ߙߣ


0n

(௡ାଵ)(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

  +(2 − ߙ − (ߙߣ


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

  

                                +(1 (ߙ−


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙శభ

 

=(1 − (ߙߣ


0n

(௡)(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

 

  +(3 − ߙ − (ߙߣ2


0n

(ఝାଵ)೙Γ(௔ା௞ା௞௡)Γ(௕ା௞ା௞௡)
Γ(௖ା௞ା௞௡)Γ(ௗା௞ା௞௡)(ଵ)೙

  

                                +(1 (ߙ−


1n

(ఝାଵ)೙షభΓ(௔ା௞௡)Γ(௕ା௞௡)
Γ(௖ା௞௡)Γ(ௗା௞௡)(ଵ)೙

 

(1 − ߮)3R2(ߙߣ + 2,ܽ + 2݇,ܾ + 2݇; ܿ + 2݇,݀ + 2݇;݇; 1) (ఝାଵ)Γ(௔ାଶ௞)Γ(௕ାଶ௞)
Γ(௖ାଶ௞)Γ(ௗାଶ௞)
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ߙ−3)+              − ߮)3R2(ߙߣ2 + 1,ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇;݇; 1) Γ(௔ା௞)Γ(௕ା௞)
(ఝ)Γ(௖ା௞)Γ(ௗା௞)

 

                        +(1− ,ܽ,߮)3R2] (ߙ ܾ; ܿ, ݀;݇; 1) − 1] Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)

≤ ቚ Γ(௔)Γ(௕)
(ఝ)Γ(௖)Γ(ௗ)ቚ (1−      .(ߙ

The Theorem is completely proved. 
 

Corollary 7. F2(߮, ܽ,ܾ; ܿ, ݀; (ݖ ;ܾ,ܽ,߮)3F2 -2]ݖ  = ܿ,݀;  if and only if (ߙ,ߣ)ܥ is in the class [(ݖ
(1 − ߮)3F2(ߙߣ + 2,ܽ + 2,ܾ + 2; ܿ + 2,݀ + 2; 1) (ఝାଵ)(௔ାଵ)(௕ାଵ)(ఝ)(௔)(௕)

(௖ାଵ)(ௗାଵ)(௖)(ௗ)
 

ߙ−3)+              − ߮)3F2(ߙߣ2 + 1,ܽ + 1,ܾ + 1; ܿ + 1, ݀ + 1; 1) (௔)(௕)
(௖)(ௗ)

 

                        +(1− ,߮)3F2 (ߙ ܽ, ܾ; ܿ,݀; 1) ≤ 0.                                                           (2.14) 
Proof. If we set ݇ = 1 in (2.12), the proof is completed. 
Corollary 8. R1(߮,ܽ; ܿ; ݇; (ݖ ;ܽ,߮)2R1 -2]ݖ  = ܿ;݇; ,ߣ)ܥ is in the class [(ݖ  if and only if (ߙ
(1 − ߮)2R1(ߙߣ + 2, ܽ + 2݇; ܿ + 2݇; ݇; 1) (ఝାଵ)୻(௔ାଶ௞)

୻(௖ାଶ௞)  

ߙ−3)+              − ߮)2R1(ߙߣ2 + 1, ܽ + ݇; ܿ + ݇; ݇; 1) ୻(௔ା௞)
ఝ୻(௖ା௞) 

                        +(1− ;ܽ,߮)2R1 (ߙ ܿ; 1) ୻(௔)
ఝ୻(௖) ≤ 0.                                                          (2.15) 

Proof. If we set ܾ = ݀ in (2.12), the proof is completed. 
 

3.An Integral Operator 
     In this section, we obtain similar results (those obtained in the preceding section) for a particular integral 
operator G(߮, ܽ, b; ܿ,݀;݇; ,ܽ,߮)that acts on 3R2 (ݖ b; ܿ, ݀; ݇;  :we define (ݖ

G(߮, ܽ, b; ܿ,݀; ݇;  = (ݖ
z

0

3R2(߮,ܽ, b; ܿ,݀; ݇;  (3.1)                                                 ݔ݀(ݔ

Theorem 3.1.  Let ݇ ∈ ܴ,݇ > 0. Then G(߮, ܽ,ܾ; ܿ,݀; ݇;  if and only if ,(ߙ,ߣ)ܶ is in the class (ݖ
 (1 − ,ܽ,߮)3R2(ߙߣ b; ܿ,݀;݇; 1) ୻(௔)୻(ୠ)୻(ୡା୩)୻(ୢା୩)

(ఝ)୻(ୡ)୻(ୢ)୻(ୟା୩)୻(ୠା୩)
 

1)ߙ− − ߮)3R2 (ߣ − 1, ܽ − ݇, b− k; ܿ − ݇,݀ − ݇; ݇; 1) ୻(௔ି௞)୻(ୠି୩)୻(ୡା୩)୻(ୢା୩)
(ఝିଵ)మ୻(ୡି୩)୻(ୢି୩)୻(ୟା୩)୻(ୠା୩)

 

1)ߙ+ − (ߣ ቂ ୻(௔ି௞)୻(ୠି୩)୻(ୡା୩)୻(ୢା୩)
(ఝିଵ)మ୻(ୡି୩)୻(ୢି୩)୻(ୟା୩)୻(ୠା୩)ቃ ≤ 0.                                                             (3.2) 

Proof. Since 

G(߮, ܽ,ܾ; ܿ, ݀; (ݖ;݇ = ݖ − ቚ(ఝ)୻(ୡ)୻(ୢ)
୻(௔)୻(௕)

ቚ


2n

(ఝାଵ)೙షమ୻(௔ା௞ା௞(௡ିଶ))୻(௕ା௞ା௞(௡ିଶ))
୻(௖ା௞ା௞(௡ିଶ))୻(ௗା௞ା௞(௡ିଶ))

௭೙

(ଵ)೙
   (3.3) 

By Lemma 1, it is sufficient to prove that 




2n
(݊ − ݊ߙߣ − ߙ + ೙షమ୻൫௔ା௞ା௞(௡ିଶ)൯୻൫௕ା௞ା௞(௡ିଶ)൯୻(௖ା௞)୻(ௗା௞)(ఝାଵ) (ߙߣ

୻(௖ା௞ା௞(௡ିଶ))୻(ௗା௞ା௞(௡ିଶ))୻(௔ା௞)୻(௕ା௞)(ଵ)೙
 

                           ≤ ቚ୻(௔)୻(௕)୻(௖ା௞)୻(ௗା௞)
୻(௔ା௞)୻(௕ା௞)୻(௖)୻(ௗ)ቚ (1 −  (ߙ

Now we have 




2n
[݊(1 − (ߙߣ − 1)ߙ − ೙షమ୻൫௔ା௞ା௞(௡ିଶ)൯୻൫௕ା௞ା௞(௡ିଶ)൯୻(௖ା௞)୻(ௗା௞)(ఝାଵ) [(ߣ

୻(௖ା௞ା௞(௡ିଶ))୻(ௗା௞ା௞(௡ିଶ))୻(௔ା௞)୻(௕ା௞)(ଵ)೙
 

 = (1 − (ߙߣ


0n
 (݊ + 2) (ఝାଵ)೙୻(௔ା௞ା௞௡)୻(௕ା௞ା௞௡)୻(௖ା௞)୻(ௗା௞)

୻(௖ା௞ା௞௡)୻(ௗା௞ା௞௡)୻(௔ା௞)୻(௕ା௞)(ଵ)೙శమ
 

1)ߙ−                                 − (ߣ


0n
 (ఝାଵ)೙୻(௔ା௞ା௞௡)୻(௕ା௞ା௞௡)୻(௖ା௞)୻(ௗା௞)
୻(௖ା௞ା௞௡)୻(ௗା௞ା௞௡)୻(௔ା௞)୻(௕ା௞)(ଵ)೙శమ

 

i.e. = (1 − (ߙߣ


0n
 (ఝାଵ)೙୻(௔ା௞ା௞௡)୻(௕ା௞ା௞௡)୻(௖ା௞)୻(ௗା௞)
୻(௖ା௞ା௞௡)୻(ௗା௞ା௞௡)୻(௔ା௞)୻(௕ା௞)(ଵ)೙శభ

 

1)ߙ−                                 − (ߣ


1n
 (ఝ)೙୻(௔ା௞௡)୻(௕ା௞௡)୻(௖ା௞)୻(ௗା௞)
(ఝ)୻(௖ା௞௡)୻(ௗା௞௡)୻(௔ା௞)୻(௕ା௞)(ଵ)೙శభ

 

on simplification (details are avoided) we get 
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= (1 − λα)[3R2(߮, ܽ,ܾ; ܿ,݀; ݇; 1) ୻(௔)୻(௕)୻(௖ା௞)୻(ௗା௞)
(ఝ)୻(௖)୻(ௗ)୻(௔ା௞)୻(௕ା௞)

− ୻(௔)୻(௕)୻(௖ା௞)୻(ௗା௞)
(஦)୻(௖)୻(ௗ)୻(௔ା௞)୻(௕ା௞)

] 

−α(1− λ) 3R2(߮ − 1,ܽ − ݇,ܾ − ݇; ܿ − ݇,݀ − ݇; ݇; 1) ୻(௔ି௞)୻(௕ି௞)୻(௖ା௞)୻(ௗା௞)
(஦ିଵ)మ୻(௖ି௞)୻(ௗି௞)୻(௔ା௞)୻(௕ା௞)

 

+α(1− λ) ቂ ୻(௔ି௞)୻(௕ି௞)୻(௖ା௞)୻(ௗା௞)
(஦ିଵ)మ୻(௖ି௞)୻(ௗି௞)୻(௔ା௞)୻(௕ା௞) + (ఝିଵ)୻(௔)୻(௕)୻(௖ା௞)୻(ௗା௞)

(ఝିଵ)మ୻(௖)୻(ௗ)୻(௔ା௞)୻(௕ା௞)ቃ.       
The proof is completed.     
 

Corollary 9. G(߮,ܽ,ܾ; ܿ,݀; ,ߣ)ܶ is in the class (ݖ  if and only if ,(ߙ
 (1 − ,߮)3F2(ߙߣ a, b; ܿ, ݀; 1) (ୡ)(ୢ)

(ఝ)(ୟ)(ୠ)
 

1)ߙ− − ߮)3F2 (ߣ − 1, a − 1, b − 1; ܿ − 1,݀ − 1; 1) (ୡିଵ)మ(ୢିଵ)మ
(ఝିଵ)మ(ୟିଵ)మ(ୠିଵ)మ

 

1)ߙ+ − (ߣ ቂ (ୡିଵ)మ(ୢିଵ)మ
(ఝିଵ)మ(ୟିଵ)మ(ୠିଵ)మ

ቃ ≤ 0.                                                                                 (3.4)                                                    

Proof. If we set ݇ =1 in (3.2), the proof is completed. 
 

Corollary 10. Let ݇ ∈ ܴ,݇ > 0 then G(߮, ܽ; ܿ; ݇;  if and only if ,(ߙ,ߣ)ܶ is in the class (ݖ
 (1 − ;ܽ,߮)2R1(ߙߣ ܿ;݇; 1) ୻(௔)୻(௖ା௞)

(஦)୻(௖)୻(௔ା௞)
 

                              −α(1− λ) 2R1(߮ − 1, ܽ − ݇; ܿ − ݇; ݇; 1) ୻(௔ି௞)୻(௖ା௞)
(஦ିଵ)మ୻(௖ି௞)୻(௔ା௞)

 

                                           +α(1− λ) ቂ ୻(௔ି௞)୻(௖ା௞)
(஦ିଵ)మ୻(௖ି௞)୻(௔ା௞)

ቃ ≤ 0.                                      (3.5)                                              

Proof. If we set ܾ = ݀ in (3.2), the proof is completed. 
 

Remark 1. We observe that G(߮,ܽ,ܾ; ܿ,݀; ∋ (ݖ ,ߣ)ܥ    if and only if (ߙ
,ܽ,߮)3R2 ݖ ܾ; ܿ,݀;݇; ∋ (ݖ ,ߣ)ܶ  ݖ about (ߙ,ߣ)ܶ Thus any result of functions belonging to the class .(ߙ

3R2(߮,ܽ,ܾ; ܿ,݀; ݇; ,ߣ)ܥ leads to that of functions belonging to the class (ݖ  Hence we obtain the following .(ߙ
analogous result to Theorem 2.1. 
 

Theorem 3.2. G(߮,ܽ, ܾ; ܿ,݀;   if and only if (ߙ,ߣ)ܥ defined by (3.1) is in (ݖ
 (1 − ߮)3R2(ߙߣ + 1, ܽ + ݇,ܾ + ݇; ܿ + ݇,݀ + ݇; ݇; 1) 
                               +(1− ,ܽ,߮)3R2(ߙ ܾ; ܿ,݀;݇; 1) ୻(௔)୻(௕)୻(௖ା௞)୻(ௗା௞)

(ఝ)୻(௖)୻(ௗ)୻(௔ା௞)୻(௕ା௞)
≤ 0.            (3.6) 
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