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Abstract: In this paper, we establish exact expressions for single
and product moments of lower generalized order statistics from a
family of exponential distributions. Further, on using the
expression for conditional moments of lower generalized order
statistics, we obtain the characterization for the above class of
exponential distributions. For a particular case, these results verify
the corresponding results of Khan et al. (2012).
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1. Introduction

Generalized order statistics (GOS) have been introduced
and extensively studied in Kamps (1995 a,b) as a unified
theoretical set-up which contains a variety of models of
ordered random variables with different interpretations.
Examples of such models are: Ordinary order statistics,
2. Lower Generalized Order Statistics

Let {x,,n>1}
ot F(x)=P(X<x)

Y, =k+(n-r)(m+1)>0 for al

and pdf f(x). Assume k > 0, n€ { 2,3,...},

| re{1,2,...,n—1}. Then ,

Sequential order statistics, Progressive type II censored
order statistics, Record wvalues, k™ record value and
Pfeifer’s records. There is no natural interpretation of
generalized order statistics in terms of observed random
samples but these models can be effectively applied in
life testing and reliability analysis, medical and life time
data, and models related to software reliability analysis.
The common approach makes it possible to define several
distributional properties at once. The structural
similarities of these models are based on the similarity of
their joint density function. For the case , when F(.) is an
inverse distribution function, we need the concept of
lower generalized order statistics, which was first
introduced by Pawlas and Szynal ( 2001) as described
below in the next section.

be a sequence of absolutely continuous, independent and identically distributed random variables with

n-1

= 1M, =)m,
m—(ml,mz,...,mn_l)eR" o J:zrmj,suchthat

X (r,n,m,k )

r =1, 2,....n , are called Lower

Generalized Order Statistics (LGOS) if their joint pdf is given by

* _ * - * N n-1 n-1
PPN ) X () ()= k(nlyjj[ I (F(x,)" f(xoj(F(xn))“ £(x,),
j= =

i

-l >x, >
where F (0+) >x,2x, 2.

2.1)

>x >F'(I) ond X" (0,n,m,k )=0.

By choosing appropriate values of parameters, we get the distribution of a few very common statistics as shown in Table

2.1 given below.

Table 2.1
S.No. | Choice of parameters for LGOS becomes
- - X (r,n,mk)=X, ,..,(n-r+1)"
1 m=0and k=1 ( > 1 D ) n-r+l:n ’( ) order statistics
__ X (r,n,mk
2 m=-1 ( e ) ™ lower k record value

The joint pdf of first r, LGOS is given by :

Copyright © 2014, Statperson Publications, linternational Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 9 Issue 3 2014



Jagdish Saran, Kamal Nain

* r—1

X'(1,n,m,k ), X"(2,n,m,k), .., X (r,n,i,k) _ k+n-r+M, -1
f (X, XphenX, ) =€,

(Fx,)" f(xn](F(x,)) F).

i=1

(2.2)

where F'(0+) >x,2x,2... 2x, > F_l(l)_

‘We now consider two cases:
Case:m; = mp=...=m,_|=m
Case 1I: Yiiyj ;i#j,1,j=1,2,...,n-1.

For case I, the LGOS will be denoted by X*(r, n, m, k). The pdf of X*(r, n, m, k) is given by

PO ()= 22 (R) () g (). xe R @
(r=1!

and the joint pdf of X*(r, n, m, k) and X*(s, n,m,k), 1<r<s<n, isgiven by :

((Fe0)"t(0)) g5 (Fx))

s

fX*(r,n,m,k),X (s,n,m,k) ( -1

CS
(r=D!(s—r=-1)!
[, (BEy)=h, (F))] ™ (Fp)" " ty) x>y, 2.4)

X, y)=

where
c._, = _IrIlyi, Y =k+(m-j)(m+1),r=12,..,n,
pRs
g . (x)=h_(x)-h_(0), xe (0,1) and

m+]

X

h,(x)=¢ m+l’

m # -1, (2.5)

—logx, m=-1.

For case II, the LGOS will be denoted by X ( r,n,m,k ). The pdf of X ( r,n,m,k ) is given by
£t (x)=c £00 Y a,m(F)", xeR- 2.6)
i=1

and the joint pdf of X( r,n,m, k ) and X( s, n,m,k ) , 1 <r<s<n, is given by
£X (). X (s, K) (x.y)=c., { Z a:(s)[MJ ' }{2 a,(0) (F(x)" }f(x) f(y) 2.7

i=r4l F(x) i=1 F(x) F(y) '
where c., = jglyi’ Y, =k+n—j+Mj s=1,2,...n-
Further, it can be proved that

V) a,(r)= 1 (y.—yi)_1 , 1<i<r<n
i(# !

#i) =1

(i) af(s):'( ﬁ 1(}(j—'yi)_1 , T+1<i<s<n

j(#) =r+
(iii) a,(r)= (Yr+l Y ) a;(r+1)
@iv) cC. =¢C

r r—1 dr+l

r+l

v) D a(r+1)=0.
i=1

The moments of order statistics have generated considerable interest in the recent years. Several recurrence relations and
identities satisfied by single as well as product moments of order statistics have been obtained by various authors in the
past. These relations help in reducing the quantum of computations involved. Joshi (1978, 1982) established recurrence
relations for exponential distribution with unit mean and were further extended by Balakrishnan and Joshi (1984) for
doubly truncated exponential distribution. For linear-exponential distribution, Balakrishnan and Malik (1986) derived the
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similar type of relations which were extended to doubly truncated linear-exponential distribution by Mohie El-Din et al.

(1997) and Saran and Pushkarna (1999). Nain (2010 a, b) obtained recurrence relations for ordinary order statistics and
k"™ record values from p' " order exponential and generalized Weibull distributions, respectively. The recurrence relations
for the moments of generalized order statistics based on non identically distributed random variables were developed by
Kamps (1995 a, b). Pawlas and Szynal (2001) obtained recurrence relations for single and product moments of
generalized order statistics from Pareto, generalized Pareto and Burr distributions. Saran and Pandey (2004, 2009)
established recurrence relations for single and product moments of generalized order statistics from linear-exponential
and Burr distributions. Saran and Pandey (2011) obtained recurrence relations for marginal and joint moment generating
functions of dual (lower) generalized order statistics from inverse Weibull distribution. In this paper, we derive exact
expressions for single and product moments of LGOS for a class of exponential distributions defined below in Section 3,
and discuss its various particular cases. Also, we give the characterization of this class of distributions by considering the
conditional moments of LGOS. The results so obtained are generalized versions of the corresponding results of Khan et
al. (2012).

3. Family of Exponential Distributions
Consider a family of exponential distributions defined by the function

F(X)=(1—e_\y(”)n,1‘|>0 and 0< X < oo

— — —1 —
whereq](o) =0,%(e0) =0 ‘P(X) is monotonic in nature with inverse function o(x), i.e., =0. The Table
3.1 given below demonstrates a few standard distributions obtained from (3.1) by choosing appropriate value of the

3.1

parameter M and the function W(X).

Table 3.1
Family of exponential
S.No. Choice of parameter n and the function W(X) distribution represents
1 n=1L y(x)=2Ax, ¢(x)= X 0<x<o and A>0. Exponential distribution
1
2 =1, y(0 =Ax", 0(x)= G ] 0<x<eoand A >0, Weibull distribution
3 n=1, y(x)=pu+Ax, ¢(x)= L;Lu JM<x<ooand A>0. Linear- exponential distribution
1
n . . . . .
4 y(x) = (?tx)", o(x)= XT 0<x<ooand M, A>0 Exponentiated Weibull distribution

The mathematical form of the distribution, as given in (3.1), is very useful for deriving the exact expressions for the
single and product moments of LGOS.

Notations

< < >
Forne 1.2.3... .as0. b>0’C>0’1_r<s_n,k_1and u,ve{ 0,1,2,...}

(a.,b)=[ x"(F(x))" £ (x) gh (Fx))dx
0

, we denote by

(a) 3.2)
(a,b,c =I j x"y" F(x) [h (F(y))-h (F(X))]b (F(Y))Cf(}’)dydx
(b) 00 (3.3)
(C) um,n,k (r) = E(X ( r, n, m, k )) (34)
“v o (rs)=BE((X(r,n,m k)) (X (s n mk))
@ oo (18) (( (r.n, m )) ( (s, n, m )) ) (3.5)
© Wiy () =E(X'(r, n, i, k)) (3.6)
uey  (ns)=E((X (1, n, i, k)) (X (s, n, i, k))

. ()= ) ) o7
4. The Main Lemma
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In this section, we derive some results which will be useful later for establishing the main results.

Lemma 4.1 For the class of distributions defined in (3.1) and non-negative finite integers i, j, a, b and c,

bzz(] S0 E——

=0 M A (m+Dd+1

Hi(a’b): - i
3 B, (i)

b+l ?
w=0 W +1
+a+l1

(@)

c;[\48
<

{ {i tsjw]

i W - | - — !

where B W (1) is the co-efficient of { " in L™ v vs and o=V as defined earlier.
(i)

+(a+ c+b(m+1)+2)

e Il e
n

B.(J)

H, (a,b,c)= X , m#—1,
ML (b=v)m+1)+c+1)

By S B, (i) B, ()

‘ Wit b1 X b (ST m=-1.
e (7‘” W J+a+c+2) (—W J+a+1)
n n

Proof of (i) .
Case 1. m#—1

b
1_ F i b m+1)d
g;(m)):[ (F) ] meZ [ ] (F(x) ™™

L. m+1 ]
Substituting in (3.2), we get
1 b b T a+(m+l)d
H;(a,b)= F(x) x)dx
e 3l 1 CUI LR
1
— n
Putting t_( (X)) , we have
b oo b 1 .
(a,b):Lbz Z [ J(_l)d Bw (I)J. tw+l+(a+(m+1)d+1m—1 dt
m+1) i woo \d 0

o

B, (i)

(m+1)" & = dj(_) w+i+(a+(m+Dd+1)n

)

which leads to the relation as stated in ( i ) for the case M # -1

Case 2. m=—1
By using repeatedly the combinatorial identity [ Ruiz (1996) ]

b (b 0, k=0,1,2,...,b—1,
() =i
d=0 d (_1) b!, k=b,

we get
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. 4
i (3](—1)d X[WT]H+a+(m+l)d+lj

H (a,b)= 1 i )=

b -
(m+1) 0

b (+ )" (e e

d=0
( by using L-Hospltal Rule),
which again on using (4.1) for k = b leads to the relation as stated in (i) for the case m = -1.

Proof of (ii) .

Case |. m#—1
From (3.3), we have, for b =0,

H (a.0.c)=] [ x'y (F(0)"£(x) (F(y)“ £ (y)dydx
j (F(x))" f (x)G(x)dx,

where

0

GO =] ¥ (F(y) £ (y)dy

1
=(F(y))n
(FOO)s

Go=n | [Z B..(j tﬁw}ncmdt
0

Putting t in (4.3), we have

(F(x)) . 0o (F(X)) +C+l
_nz B J‘ w+]+n(l+c)—1dt=z BW(J) Ay
w0 Wn+J +c+1

which on substituting in (4.2) gives

aOc ZZB

e v w’+j+(c+1)n

1
J‘ W @ ) g

0

= i i Bw (1) X Bw'(])
=S wrwHitj+(at+tc+2)n wHj+(c+1)n
Further, on substituting the value of

[hm(F(y))—hm(F(x))]bzl(F(X))n;er(ll;( )" ]

Z ( j F( ))v(m+1) (F(y))(bfv)(mﬂ)
in (3.3), we get
H, . (a b,c)

m+1"é(]

X|:T j‘ Xl yJ F( ) a+v(m+1)f(x)(F(y))(b—v)(m+l)+cf(y)dydx:|
0 0

1

+

1bzb: ( ] H (a+v(m+1),0,(b-v)(m+1)+c)

’
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(using (4.2))
which on using (4.4) leads to the relation as stated in (ii) for the case M # -1,

Case2:m=—1,
The proof is similar to the one as used in case 2 of (i).

5. Explicit Expressions For Single and Product Moments

m=m,=..=m,, =m

1<r<s<n,k=>1and u,ve{ 0,1,2,...}

Case I:

Theorem 5.1 Forn= 1,2,3,...,

Cr—l
Hu (Yr _1’ r_l)

u r)=
(a) um,n,k ( ) (r_1)|

. B C r—1 —_
o Moo i (1.8) = (=D (s—r— 1)‘ m+1rld:0 [ j
xH, , (m+(m+1)d, s—r—1, v, 1)

H, (v, -1 r-1) . (m+(m+1Dd, s—r—1,y,—1)

where

X' k
Proof of (a): On using (3.4) and (2.3), the u™ order moment of (r.n,mk)

=)

u Croi Y r-1
Mo (1) = [ X" (FGO)™ 00 g5 (F(0) dx

(r=D!

By using (3.2), we shall derive the relation as stated in (5.1).
Proof of (b): On using (3.5) and (2.4), we have

u, v _ CS—I T u _y m r-1
(8= e Ty ((F0)" 1)) 5" (F))

x[h,, (E(y)=h,, (F))] ™ (F)" f(y)dydx
Substituting

r—1 (F( ))mﬂ = ( ] m+1
F = F
Em ( (X)) [ m+1 (m+1 r S ( ))

in (5.3), we have

0

G —1)'(S—r 1)‘(m+1) =

X[ m(F(Y))—hm(F(x))} Ry

The relation (5.2) follows immediately on using (3.3).

Coseqr: i ZYVisi# D Lj=12,..n-1

< < >
Theorem 52 Forn= 1,2, 3... 1_r<s_n,k_1and u,ve 0,1,2,...}’
“mnk rlz a(r)H 0)’
(@)

T

ue (rs)=c > a(r)z al(s) H (v, —v,-1.0.v,-1),
(b) i=1 j=r+l

H, (v, -10) and H; (Yi =v;—L0,7, _1)

where
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5.2)

(5.3)

54
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X’ .k
Proof of (a) : The u™ order moment of (r,n,m,k )

T ,IZa(m j (F())"™ £ (x)dx

, on using (3.6) and (2.6), is given by

After using (3.2), we shall derive the exact expression given in (5.4).
Proof of (b): On employing (3.7) and (2.7), we get

T (y) Y v £ £(y)
et (r.s) ! ! [ {J ) ()[F( )j } {Z a,(r)(F(x)) }F(X) F(y)}dydx

S amy a(s)j j X'y (FooO)' ™ £x) Y7 () F(y) dydx

- 1:1 j=r+l

which on using (3.3), leads to the relation (5.5).

’

6. Cl}aracterization
Let X (r, n, m, k), r = 1, 2,...,n be the LGOS from a continuous type of distribution with cumulative distribution function
F(x) and probability density function f(x). Then, in view of (2.3) and (2.4), the conditional density function of Y = X (s,

n, m, k) given X (r, n, m, k) = x, 1Sr<s£n’is

e 1
o L (EY | (Ew)" t) _
f(ylx)=0c {1 (F(X)J 1 (F(x)] Foo) | O<y<Xx<oo,
Cs—l

where S (s—r=Dlc_, (m+1)™

Theorem 6.1 Let X be a non- negatwe absolutely continuous type of random variable with distribution function F(x)
satisfying the conditions F(0) = 0 and 0 < F(x) < 1. Then a necessary and sufficient condition for

(6.1)

B((X" (s, n,m.K)) 1 (r, mm k) ) Wi D) ] | o

h | WA
+ Yr+j

(6.2)
is that

F(x)=(1-¢")",x>0,n>0

where v(x) is monotonic function satisfying Yoo(x) =x for some function o(x) .
Proof.

Condition is sufficient.

On using (6.1), we have

X m+1 S =
T o\ il [FQ) Fy)| 1)
B n’m’k)_x)_cl ’ [l [F(X)J J {F(x)j R

- i W—HJr -1
—W(x) wH a " s 1—um+l s—r—1 du :m
WZ:: ( ) £ ( ) , where ’ F(x)
- 0 \VH w+i v, ' i
_GW:O B, (i )(1 eV >) B(n(m+l)+m+l’s_rj (By putting u™" = V)
> . s—r . -1
=SS B, (i) (1) (W“wrﬂ-j
Croi w=0 i n ’
c

which, on substituting the value of Crai , leads to (6.2).
Condition is necessary
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Let

Z.(x)= i B, (i)(l— e v )W*i H TR Jl‘“’
w=0 j=1 Yo
n . 6.3)

Then it implies that

Zr+l(x)_zr(x) — 2 B (W +1)( eV )W+i s—r ’Y'r+j
1.5 Ij:II W+1+Y .
r+j

N : (6.4)
Differentiating both sides of (6.3) with respect to x, we have

Z(x)=——-"——= ¢ W)W (030 Z B, (i)(w +1)(1 e “’(‘))W+iﬁ —Y.”j

e v L w+i
= Ll
n ) (6.5)
Using (6.4) and (6.5), we get
/ e " V(%)
Z,(x)=Y4(Z.,(x0)-Z (X))#
1-e (6.6)
Also from (6.2), we have
o m+ m+1 ) -
S [y ((Fo)™ ()™ ) (F) ™ yay
-1 0
=(s—r=D!(m+1)""" (F(x))"™ Z.(x) 7
Differentiating both sides with respect to x, we get
T m+l m+1\57T2 -1
%D ¥ ((Fe0)™ co=(Fw)™ ) (Fy)* f(y)dy}
110
_(s-r=2)! (m+1) 7 (Fx)) T
- f(x) (Ve FOZ )+ FOOZ () ) ©5)

On substituting the value of the expression appearing in the rectangular brackets on the L.H.S. of (6.8) from (6.7) by
replacing thereinr by r +1, we get

h(&(s_r_z)! (m+1)""(F(x))"™ Zm(x)j
Cﬁ

c s-1

r-1
F(x) .,

=G3-1r-2)! (m+1)""? (F(X))Vr+2 (Y,H Z.(x) +ﬂZ () ] |

which on simplification yields

F(x)

1\ & Z __Z/
You (2o ()= Z,(x)) 7 (x)

Then, on using (6.6), we get

f(x) _m e"y'(x)

F(x)  l-eV®

= F(x)=(1-e"¥)", x>0m>0.
Hence the result.

Remark

1

n
w(x)=(x)", O(x)=—— where 0< x <coand 1, A >0
In Theorem 5.1, if we put A , we verify the results obtained by

Khan et al. (2012) for exponentiated Weibull distribution.
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