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Abstract: In this paper, we establish some new retarded integral
inequalities in two variables. These on the one hand generalize and
on the other hand furnish a handy tool for the study of qualitative as
well as quantitative properties of solutions of differential equation.
Some applications are also given.
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Introduction

In the development of the theory of differential
and integral equations integral inequalities which provide
explicit bounds on unknown functions take very

Main Results

In what follows, R denotes the set of real numbers; R, = [0, o), R =(0 o), R;=

important place. For instant the explicit bounds given by
the well-known Gronwall-Bellman [1,3] inequality and its
nonlinear generalization due to Bihari [2] are used to
considerable extent in the literature [1-12]. The main
purpose of this paper is to establish explicit bounds on
retarded Gronwall-Bellman and Bihari-like inequalities in
two variables which can be used to study the qualitative
behavior of the solutions of certain classes of retarded
partial differential equations. Some applications of one of
our result are also given.

[1 o0),]J; =[x01 X), and I, = (yo,

Y) are the given subsets of R, A=1J; X J, .The first order partial derivatives of a function z(x,y) with respect to x and y

are denoted by D, z (x,y) and D, z(x, y), respectively.
Theorem 2.1:

Letu, g, he C (A Ry and o € C' (Jy, J)), pe C' (Ja, J») be non decreasing with C' (J,, J,) be

nondecreasing with o (x) <x onJ;, B (y) < y onJ,. Let f (x,y) be nondecreasing in (x,y ) € A If the inequality.

a(X) By)
u(x,y) < fixy) + J- jg (s,t) u(s,t) dtds + I I (s,t) u(s,t) dtds 2.1
X0 Yo «(Xg) B(Yg)
holds, then
u(x,y) < f(x,y) exp [G(x,y) + H(x,y)] (2.2)
for (x,y) € A, where
Xy
Gxy)= [ [e (sp dids (2.3)
X0 Yo
ax) B(y)
H(x,y) = [ n (s dids (2.4)
a(x) Byy)

Proof : Since f(x,y) is positive and nondecreasing, we can restate (2.1) as

a(x) B(y)

, , t)dtd:
LIS ORI ”g( t) Ddds+ | ] n(sp 20 2.5)
f(x,y) X % (s, t) alxy) Blyg) f(s,t)
Let r(x, )— x.y) then
f(x,y)
Xy a(x) B(y)
<1+ [ [geomsndds+ [ [ b (010 dids (2.6)

X0 Yo a(xy) B(yy)

Define a function z(x,y) by the right - hand side of (2.6), then we have
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Xy a(x) B(y)
zxy) =1+ [ [gGoreodds+ [ [ b (010 dds 2.7)
Xp Yo a(xy) Blyy)
Then it is clear that
K(x,y) < Z (%), 2(x0,y) = 2(%,30) = | 2.8)
Differentiate (2.7) with respect to x, we get
y B(y)
D,z (x,y) = j g (0 r(x) de + j h(o (), t)r (o (x) 0)dt o (%)
Yo By
Using (2.8), we have
Yy B(y)
< J. g (x,0) z(x,t) dt + J- h (ox),t) z (o (x), t) dt &'(x)
Yo By
y B(y)
<2(xy) j g (x,0)dt + j h(a(x),t)dt.a'(x) 2.9)
Yo B(yo)
y B(y)
< [g@pde+ [ n v e (2.10)
26y, By
Keeping y fixed in (2.10) , setting X = ¢ and integrating it with respect to ¢ from X, to x, x € J; and making change of
variable, we get
z(x,y) < exp [G (x,y) + H (x,y)]
for (x,y) € A
Using (2.8), we have
1(x,y) < exp [G (x,y) +H (x,y)]
Hence
u(x,y) < f(x,y) exp [G (x,y) + H (x,y)]
Theorem 2.2 : Letu,ghe C(A,R,) and o € c' J., 1), Be C! (J2,J5) be nondecreasing with au(x) < x on Jy, B(y)<y
on J, Let f(x,y) be nondecreasing in (x,y) € A and p > 1 is a constant. If the inequality

Diz(x,y)

Xy a(x) B(y)
ey <o+ [ [ eousndds+ [ [ n(su s dids 2.11)
X0 Yo a(xq) B(yo)
holds, then
-1 =
u(x,y) <f(xy) [H(p j[Q(x,wa(x,y)]} (2.12)
p
where
Xy
Qey)= [ [ (5.0 gs. 1) duds 2.13)
X0 Yo
and
ax) B(y)
W (x,y) = j j 77 (s,6) h (s,0) dtds (2.14)
a(xq) B(yo)
Proof : Since f(x, y) is positive and non decreasing in both variables equation (2.11) rewrite as
> Xy ox) B(y)
up(x’” <1+ [ [g 606y Chads+ [ [ 0o 0 s (2.15)
f (X,y) X0 Yo f(s,t) a(xq) B(yo) f(s,t)
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Let r(x,y) = ,y)
f(x,y)
a(x) B(y)
P xy<l +j jg 0T 00 dds+ [ [ b 607 (5,010 dids (2.16)
Xg Yo a(xo) B(yo)
Define a function z (x,y) by the right hand side of (2.16) then we have
a(x) B(y)
2xy) =1+ j' j' g GOFTeoreodds+ [ [ b 0T 01 (0 dids 2.17)
Xg Yo a(xo) B(yo)
then it is clear that
P (x,y) <2 (%) 5 2 (oY) = 2(x,y0) = 1 2.18)
Differentiation (2.17) with respect to x, we have
y B(y)
D,z (x,y) = I g(x,t) P x,p)r(x,t) dt+ I h(a (X),t) P (x,0) 1 (x,0) dt o' (x)
Yo B(yo)
Using (2.18) we get
y 1 B(y) 1
Dizxy< [g @)z @odi+ [ he o f? &0 2" o de. o)
Yo Blyo)
D 2(x.y) y p B(y) .
——< [exnfP@odi+ [ ha .07 @), dt. o'x) (2.19)
Byo)

A (X, y) Yo
Keeping y fixed in (2.19), setting x = ¢ and integrating it with respect to ¢ from Xy to X, X € J; and making change of
variable, we get

Pl ax) B(y)

— " (x,y)<—+Ijg(st)flp(st)dtds+ j J- h (8,0fF (s,0) dtds

Pt X0 Yo a(xg) B(yg)

Lt a(x) B(y)

z 7 (,y)<1+—[Hg(st)f”’(st)dtds+ [ ] b 60?0 dds] (2.20)
X0 Yo a(xg) B(yp)

Using (2.18) in (2.20) we get
a(x) B(y)
Py <1+ 2 [”g O FTE0dds+ [ [ h (.07 (5.0 dds]

L a(xg) B(yo)

P xy) < 1+ 22 [Qy) + W (x.y)]

P

where Q(x,y) and W(x,y) are mentioned in (2.13) & (2.14) .

1

}"1 2.21)

Theorem 2-3: Letu g he C (AR,), fe C(A, Ri) anda e C' J,J), B e c' (J2,J») be non-decreasing with o (x) < x
onJ; B(y)<yonl, Fori=1,2,letg; e C (R, R,)be non-decreasing function with g; (u) >0 for u> 0 and

g, (u(1) (u(z))
<& .
£(t) fi(r)

Hence u(x,y) < f(x,y) |:l+

P

If the inequality
Xy ax) B(y)

uey) < fay+ [[ecoguendd+ [ | h 0 g @) dds (2.22)
X0 Yo a(xg) B(yo)
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for (x,y) € A,

(1) In case g; (u) <g (v

u(xy) <f(x,y) G,' [Go(1) + G (x,y) + H(x,)]

(ii) In case g; (u) < g;(u)

u(x,y) <f (x,y) G, [Gi(1) + G (x,y) + H (x,y)]

Where G(x,y) and H(x,y) are defined by (2.3) and (2.4) and fori=1,2 G are the inverse functions of
r

Gi= |
To gi(s)

and x € J, y € J, are so chosen that fori=1,2

Gi (1) + G(x,y) + H (x,y) € Dom (G, ")

respectively, for all X,y lying in [X,X;] and [yo,y1]-
Proof : Since f (x y) is positive and non-decreasing in both variables (2.22) Can be rewrite as

,1>0,10>0

a(x) B(y)
MY gy ”g(s L [ [ neoe WED - eds
£(x,y) o f(s) a(xo) B(¥o) £(s)

a(x) B(y)
uex, y) <l+ jjg (s,H)g1 (u(s t)j dtds + j j h (s,t) gz(u(s,t)j dtds
f(s,t) f(s,t)

f(x,y) X0 Yo ’ a(xq) B(yo) ’
Letr (xy) = ~%:Y)
f(x,y)
Hence we obtain
a(x) B(y)
r(s,t) <1 + J. Ig (s1t) gi(r(s,t) dtds + I I h (s,t) g2 (r (s,t) dtds
X0 Yo a(xq) B(yo)
Define z (x, y) by the right hand side of (2.28), we get
a(x) B(y)
2xy) =1+ j j g (s0g (s dids+ [ | b (5,02 ((s,0) deds
Xo Yo a(xo) B(yo)
From (2.28), we have
r(s1t) <z (x,0), 2(X,y0)= Z (Xo,y) = 1
Now
Bly)
mawyjummw@mm+jMmm%mmmomaw
Yo Byo)

from (2.31) in (2.30), we get

M B
Dz (x,y) < I g(x,y) g1 (z (x,t))dt + ( J h (a(x),t)gz(z(a(x),t)dt) o’ (x)

Yo ﬂ()’o
B(y)
D; (z (x,y) < g1 (z (X)) Jg(x t) dt + g (z(x,y)) .[ h (o (x),0) g2 (z (aux), t) dt o' (x)
Yo Blyo)

When g, (u) < g (u), then from (2.33), we observed that

y B(y)
D
D&y j g (x,dt + ( [ h(a(x),t)dtj o (x)
g z(x,y) B(y)
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Using (2.25) in (2.34) , we get

y B(y)
D; G (z(xy) < I g (x,ndt + ( | h(a(x),t)dtj o (x) (2.35)
Yo By)

Keeping y fixed in (2.35) Setting x = o, then integrating with respect to ¢ from Xg to X, XeJ,
and making change of variable, we get

Xy a(x) B(y)

G @y <Gi(D+ [ [g sodds+ [ [ n (s.0 dds (2.36)
Xo Yo a(xg) B(yo)

Using the bound on z(x,y) from (2.36) in (2.30), we get required inequality in (2.23).

Applications:

In this section we present applications of the inequality in Theorem 1 to study the boundedness and uniqueness of the
solutions of the initial boundary value problem for hyperbolic partial differential equations of the from

D> Dy u (x,y) = F(X,y, u (x,y), u (x-hi(x), y-ha(y)), (3.1
u (X,y0) = €1(X), u (Xo,y) = €2 (¥) €1 (x0) = €2 (yo) =0 (3.2)
Where Fe C(AxR* R),e;€ C' (J,R)es€ C' (1,,R), hy e C' (J;, R+), h, € C' (Jo, R,) such that x-h; (x) > 0,
yi-hy(y)>0,h)" (x) < 1, hy" (x) < 1 and h;(xo) = h; (yo) = 0.

Our first result gives the bound on the solution of the problem (3.1) - (3.2)

Theorem 3.1: suppose that

[F(x,y,u,v) | < g(x,y) lul + k (x,y) Ivl 3.3)
and le; (x) + ex(y) 1< p (x,y) (3.4
Where g, k € C (A, R+) and k > 0 and let

max 1 max 1
M, = —, M, = Em— 3.5)

9 2 il
xeJ, 1-h'(x) xeJy 1-hy(y)
If u(x,y) is any solution of (3.1) - (3.2) then

lu(x,y) I < p (x,y) exp (G(x,y)+ K (X,y)) (3.6)
where G(x,y) is defined by (2.3) and
ax) B(y)
K (xy)=M; M, J. I X (6, t)do dt 3.7
a(xg) B(yo)
and

k(o7)=k(c+h(s),0+h (s)),
for oelJ ,te J,

Proof : It is easy to see that the solution u(x,y) of the problem (3.1) - (3.2) satisfies the equivalent integral equation

Xy
uxy) = e (%) +exx) + | [ F(s.tu (xy), uGx-hy (), y-hy (v))dtds (3.8)
X0 Yo
Using (3.3), (3.4),(3.5) in (3.8) and making change of variables , we get
Xy a(x) B(y)
eyl <pey) + [ [& Gy uxldds +M M, [ [ X (6.7)1u(0.7) Idwo
Xo Yo a(xg) B(yo) (3.9)

Now suitable application of the inequality in theorem 2.1 to 3.9 yields (3.6). The right-hand side of (3.6) gives us the
bound on solution u(x,y) of (3.1) - (3.2) in terms of known function. Thus if the right-hand side of (3.6) is bounded, then
we assent that the solution of (3.1)-(3.2) is bounded.

The next result deals with the uniqueness of the solution the problem (3.1) - (3.2)

Theorem 3.2: Suppose that the function F in (3.1) satisfies the condition

I F (x,y,u,v) — F(x,y, ;,;)I < gxy)l U-u I+ k(x,y) | V—; | (3.10)
gke C(AR), and let M; M, a, B, K be as in theorem 3.1 then for problem (3.1) — (3.2) has at most one solution.
Proof : Let u (x,y) and ; (x,y) be two solution of (3.1) — (3.2) on A. Then we have
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X0 Yo

Using (3.10) in (3.11) and making change of variables we get

Xy
lu (xy) - Ty 1< [ [e Glzsh-

X0 Yo

a(x) B(y)

“(xo) B()’o)

Now suitable application of inequality in theorem (2.1) yields
lu (x,y)-u (xy)I< 0
Therefore u (x, y) = u (x,y) i.e there is almost one solution of problem (3.1) - (3.2).

References

1.

2.

Copyright © 2014, Statperson Publications, linternational Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 9 Issue 3

R. Bellman, The stability of solutions of linear
differential equations, Duke Math. J. 10(1943), 643-647.
1. Bihari, A generalization of a lemma of Bellman and its
application to uniqueness problems of differential
equations, Acta. Math. Acad. Sci. Hungar. 7(1965),81-
94.

T.H.Gronwall,Note on the derivatives with respect to a
parameter of the solutions of a system of differential
equatons,Ann.Math.20(1919),292-296.

B.G. Pachpatte, On a certain retarded integral inequality
and  applications, j. in equal pure Appl
Math.5(2004)(Article 19)

Y. G. Sun, On retarded integral inequalities and their
applications, J. Math. Anal. Appl. 301(2005), 265-275.

O. Lipovan, A retarded Gronwall like inequality and its
applications, J. Math. Anal. Appl. 252 (2000)389-401.

7.

10.

11.

12.

(3.11)

Z (s,0)+M; M, J- j k (0,7)1z(0,7)-7Z (0,7) Idtdo

Run Xu, Yuan Yong Sun, On retarded integral
inequalities in two independent variables and their
applications, Appl. Math. Comp. 182 (2006) 1260 —
1266.

Morro, A Gronwall like inequality and its applications to
continuum thermodynamics, Bull. Un. Mat Ital. B6(1982)
553-562

O. Lipovan, Integral inequalities- for volterra equations,
J. Math. Anal. Appl.322(2006) 349-358

Fanewi Meng, Wein Nian Li, On some new integral
inequalities and their applications, Appl. Math.
Comp.148(2004) 381 - 392.

Hongxia Zhang, Fanwei Meng, Integral inequalities in
two independent vaniables for retarded volterra equatans,
App. Math. Comp. 199 (2008)90-98.

M. H. M. Rashid, Explicit bounds on retarded Grouwall
bellman inequality Tamkang J. Math 43(2012)99

2014



