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Research Article 
 

Abstract: Expressions for pairwise orthogonal idempotents in ,FG the semi simple group algebra of the abelian group G oforder 
n

p and 

n
p q  over the finite field F of prime power order 1n

p λ +  and 1n
p qλ + respectively, are obtained. 
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Introduction 

Let ( )F GF q= be a finite field of prime power order q  and let n  be a positive integer which is relatively prime to .q  

The cyclic codes of length n  over F  can be viewed as ideals in either 
[ ]

1n

F x

x< − >
or as ideals in the group algebra ,

n
FC

where
n

C denotes a cyclic group of order n . If G  is an abelian group of order n , then the ideals of the group algebra 

FG  are called abelian codes. Milies and Ferraz [6] have found some minimal abelian codes of length 
n

p and 2 n
p

extending the results of Arora and Pruthi ([1],[8]). In this paper,we describe method to find pair wise orthogonali 

dempotents in group algebra ,FG  where G  is an abelian group of order 
n

p and .n
p q In Section 2, we give expression 

for these idempotents in ,FG  where G is an abelian group of order ,n
p  where p  is an odd prime and F  is a field of 

prime power order qwith 1.n
q p λ= +  In section 3,we discuss the case when G  is an abelian group of order ,n

p q p  

and qare odd primes, and F  is a field of prime power order qwith 1.n
q p qλ= + .In section 4, we give an example for 

an abelian group of order 9. 
 

G  is Abelian group of order
n

p , p  is an odd prime 

If n
G g C=< >= is a finite cyclic group of order n , F is a field of order qwith ( ), 1q n =  and 1q nλ= + for some 

0.λ ≥  

Then, n
FC has nprimitive idempotents given by 

1

0

1
,               0 -1,

n
ij j

i

j

e g i n
n

α
−

=

= ≤ ≤∑
 

whereα  is 
th

n  root of unity in F [8]. 
 

Theorem 

LetG is an abelian group of order ,n
p  where p  is an odd prime and H is a subgroup of G of order 

m
p such that /G H  

is cyclic, say aH< > . F  Is a field of order 1np λ +  for some 0λ > .Then, 

1

0

1
a ,

n m
p

ij j

i n
h H j

S h
p

α

− −

∈ =

  
=      

∑ ∑  

0 i 1,n mp −≤ ≤ − Where α is ( )
th

n m
p

−
 root of unity in F , are orthogonal idempotents in ,FG . 
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Proof Let G  be an abelian group of order
n

p and H  be a subgroup of G of order 
m

p such that /G H  is cyclic, say 

a .H< >  

Here, /
n m

G H p t
−= = (say). 

Also, a .t
H∈ Consider a cyclic group 1G  of order t  and let 1 .G b=< > Then, 1 /G G H≅ .The orthogonalidempotents 

of 1FG  are 

1

0

1
,               0 -1,

t
ij j

i

j

e b i t
t

α
−

=

= ≤ ≤∑  

whereα  is 
th

t  root of unity in F , that is, α is a solution of x
t
 = 1. 

Now consider the elements of FG  given by 
1

0

1
a ,               0 i t-1.

t
ij j

i

jt
ξ α

−

=

= ≤ ≤∑
 

We assert that 

1

| |
i i

h H

S h
H

ξ
∈

 
=  
 

∑

 

for 0 1,i t≤ ≤ −  are orthogonalidempotents in .FG  

For 0 1,i t≤ ≤ − we have 
2

1 1

0 0

1 1
a a

i i i

t t
ij j ij j

n n
h H j h H j

S S S

h h
p p

α α
− −

∈ = ∈ =

=

        
=                   

∑ ∑ ∑ ∑
 

2 2

2

( 2) 2 ( 1) 1

1

0

1
a a ...

a a

1
a

i i

n m
h H h H h H

t i t t i t

h H h H

t
ij j

n
h H j

i

t h h h
p

h h

h
p

S

α α

α α

α

−
∈ ∈ ∈

− − − −

∈ ∈

−

∈ =

 
= + + + 




+ + 



  
=   
   

=

∑ ∑ ∑

∑ ∑

∑ ∑
 

Also for ,i j such that , ,i j i j≠ > we have

 1 1

0 0

2 2 ( 1) 1

2

2 ( 1)

2 2 2

1 1
a a

1
a a ... a

a a ... a

a

t t
ik k jl l

i j n n
h H k h H l

i i t i t

n m
h H h H h H h H

j i j t i j t

h H h H h H

j i j

h H h H

S S h h
p p

h h h h
p

h h h

h h

α α

α α α

α α α

α α

− −

∈ = ∈ =

− −

−
∈ ∈ ∈ ∈

+ − +

∈ ∈ ∈

+

∈ ∈

        
=         

        


= + + + +



+ + + +

+ +

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑

∑

}

3 ( 1) 2 1

( 1) 1 ( 1) ( 1) ( 1) 2 2

a ... a ...

a a ... a

t i j t

h H

t j t i t j t t i t j t

h H h H h H

h

h h h

α

α α α

− + +

∈

− − + − − + − −

∈ ∈ ∈

+ +

+ + +

∑ ∑

∑ ∑ ∑

Since a t
H∈ , so we have 

a and a a       for all 0.t t i i

g H g H g H g H

g g g g i
+

∈ ∈ ∈ ∈

= = ≥∑ ∑ ∑ ∑
Using this coefficient of

2

1
a k

n m
g H

g
p

−
∈

∑  in the above expression is
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( ) ( ){ }
( ) ( ) ( ) ( ) ( ) ( ){ }

1 2 2

1 1 2 2 1 1

...

...

k j i k j ikj ki

k i t j k i t j t i k j

α α α α

α α α

− + − +

+ + − + + − − + +

+ + + +

+ + + +

( )( )

( )
( ) ( )

( )( )

( )

1 1
1 11 1

0.
1 1

k i j t k i j
k i t jkj

i j i j

α α
α α

α α

+ − − − −
+ + −

− −

   − −   
= + =   

− −      
Thus, { }iS

0 -1,i t≤ ≤  are orthogonalidempotentsin .FG  

 

Theorem 

The complete set of orthogonalidempotents in ,FG where F is a field of order q  with 1n
q p λ= +  for some 0λ >  and 

G  is an abelian group of order 
n

p having a sequence of subgroups 0 1 2 1...
n n

G G G G G G e−= ⊃ ⊃ ⊃ ⊃ ⊃ =< > such 

that ( )1/ 0 1 ,i iG G p i n+ = ≤ ≤ − is given by{ }
0 1 10, 1, 1,... ,

ni i n ie e e
−− ( )( ) 0 0 1

j
i p j n≤ ≤ ≤ ≤ − where

1 1
/ a

j j j j
G G G+ +=< > and  

1 1

1

, 1

0

1
a ,j

j

j j

p
i k k

j i j j jn j
g G k

e g
p

α
+ +

−

+−
∈ =

  
=      

∑ ∑ jα is
thp root of unity in ,F are orthogonalidempotents in j

FG  for 

0 1.j n≤ ≤ −
 

 

Proof 

Let G  be an abelian group of order 
np  and 1G  be the subgroup of order 

1.np −
Then, 1/G G p= and so 1/G G is 

cyclic. Let 1 0 1/ a .G G G=< > Then, 

0

0

1 1

0

1 1

1

0, 1 0 01
0

1

1 0 0

0

1 1
a

1
a ,

p
i j j

i n
g G j

p
i j j

n
g G j

e g
p p

g
p

α

α

−

−
∈ =

−

∈ =

  
=   

  

  
=   

  

∑ ∑

∑ ∑
 

for 00 1,i p≤ ≤ − are orthogonalidempotents in ,FG
0α  is 

thp root of unity in .F  

Now, let 2G  be the subgroup of 1G of order 
2.np −

Then, 1 2/G G p= and so 1 2/G G is cyclic. Let 1 2 1 2/ a .G G G=< >

Then, 

1

1 1

2 2

1

1, 2 12
0

1 1
a

p
i j j

i n
g G j

e g
p p

α
−

−
∈ =

  
=   

  
∑ ∑  

1

1

2 2

1

2 11
0

1
a ,

p
i j j

n
g G j

g
p

α
−

−
∈ =

  
=   

  
∑ ∑  

for 10 1,i p≤ ≤ − are orthogonalidempotents in 1,FG
1α  is 

thp root of unity in .F

 Continuing in this way, we will obtain a subgroup 2n
G − of order 

2p and its subgroup 1n
G − of order .p Then, 

1 2/n nG G p− − = and so 2 1/
n n

G G− − is cyclic. Let 

2 1 2 1/ a .n n n nG G G− − − −=< > Then, 

 
2

2

1 1

2

1 1

1

2, 1 2 2

0

1

1 2 22
0

1 1
a

1
a ,

n

n

n n

n

n n

p
i j j

n i n n n

g G j

p
i j j

n n n

g G j

e g
p p

g
p

α

α

−

−

− −

−

− −

−

− − − −
∈ =

−

− − −
∈ =

  
=   

  

  
=   

  

∑ ∑
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for 20 1,
n

i p−≤ ≤ − are orthogonalidempotents in 2,nFG − 2n
α −  is 

thp root of unity in .F

 Also, 1 / ,n nG G p− = so 1n
G −  is cyclic. Let 1 1a .

n n
G − −=< > Then, 

2

1

1

1, 1 1

0

1
a ,n

n

p
i j j

n i n n

j

e
p

α −

−

−

− − −
=

 
=  

 
∑

 
for 10 1,

n
i p−≤ ≤ − are orthogonalidempotents in 1,nFG − 1n

α −  is 
thp root of unity in .F

 Now, the complete set of orthogonalidempotents of FG  is given by 

1 2
0 1 11 2 1 0

0, 1, 1,...
. ...n n

nn n
i i i n ii p i p i p i

e e e e e− −
−− −

−+ + + +
= = ,

 

where
1 2 2

1 2 2 1 0... ,n n n

n n ni i p i p i p i p i
− − −

− − −= + + + + +  as
 

( )
( )

1 2
1 2 1 0

0 1 1

0 1 1

2
2

...

2

0, 1, 1,

0, 1, 1,

. ...

. ...

n n
n n

n

n

i i p i p i p i

i i n i

i i n i

i

e e

e e e

e e e

e

− −
− −

−

−

+ + + +

−

−

=

=

=

=
 

For ,i j≠ the representation of i and j are as follows:

 
1 2 2

1 2 2 1 0

1 2 2

1 2 2 1 0

... ,

... ,

n n n

n n n

n n n

n n n

i i p i p i p i p i

j j p j p j p j p j

− − −

− − −

− − −
− − −

= + + + + +

= + + + + +  

and they must differ at at least one indices, say ,thk that is, ,k ki j≠ then
 

, ,
. 0

k kk i k j
e e =  

Thus . 0
i j

e e = .
 

 

Theorem 

The complete set of orthogonalidempotents in FG where F  is a field of order q  with 1n
q p λ= +  for some 0,λ > G is 

an abelian group of order
n

p having a sequence of subgroups 0 1 2 ...
s

G G G G G e= ⊃ ⊃ ⊃ ⊃ =< > with the property 

that 1iG+ is subgroup of G of smallest order
1in

p +
(say), such that 1/i iG G+ is cyclic, is given by 

{ } ( )
0 1 1 1

0, 1, 1,. ... , 0 1 0 1
j

s j

n

i i s i j n

p
e e e i j s

p
− +

−

 
≤ ≤ − ≤ ≤ −  

 

where 1 1
/ a

j j j j
G G G+ +=< > and 

1

1 1

1

, 1

0

1
,

n nj j

j

j j

j j

p
i k k

j i j j jn
g G k

e g a
p

α

− +

+ +

−

+
∈ =

  
=      
   

∑ ∑  

j
α is ( )1j j

th
n n

p +−
root of unity in ,F are the orthogonalidempotents in j

FG for 0 1.j s≤ ≤ −

 IfG is Abeliangroup of order ,n
p q p and q are distinct odd primes 

 

Theorem 

Orthogonalidempotents in group algebra ,FG where G  is an abelian group of order ,n
p q  ( p  is an odd prime and q  is 

any prime) and H  is a subgroup of G of order 
m

p q  such that / aG H H=< >  and F  is a field of order 1np qλ +  for 

some 0λ > , are given by 
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p 1

0

1
a ,   0 p 1,

n m

ij j n m

i n
h H j

S h i
p q

α

− −
−

∈ =

  
= ≤ ≤ −     

∑ ∑  

where α is ( )p
th

n m−
 root of unity in .F  

 

Theorem 

If F is a field of order r  with 1n
r p qλ= +  for some λ>0 and G is an abelian group of order 

n
p q  where p  is an odd 

prime and q is any prime and it has a sequence of subgroups 

0 1 2 1...
n n

G G G G G G e−= ⊃ ⊃ ⊃ ⊃ ⊃ =< > Such that ( )1/ 0 1 .i iG G p i n+ = ≤ ≤ − Then, the complete set of 

orthogonal idempotents in FG  is
 

{ } ( )( )
0 1 10, 1, 1,... , 0 0 1

ni i n i je e e i p j n
−− ≤ ≤ ≤ ≤ −  

where 1 1
/ a

j j j j
G G G+ +=< >  and  

1 1

1

, 1

0

1
a ,j

j

j j

p
i k k

j i j jn j
g G k

e g
p q

α
+ +

−

+−
∈ =

  
=      

∑ ∑  

α is
thp root of unity in ,F  arethe orthogonalidempotents in

jFG for 0 1j n≤ ≤ − , 
 

Theorem 

Let G  be an abelian group of order 
n

p q  where p  is an odd prime and q  is any prime and F  be a field of order r  

with 1n
r p qλ= +  for some λ>0. Then, by considering a sequence of subgroups ofG  

0 1 2 ...
s

G G G G G e= ⊃ ⊃ ⊃ ⊃ =< >  

with the property that 1i
G +  is subgroup of G of smallest order 

1in
p q

+
(say), such that 1/

i i
G G + is cyclic. Then, the 

complete set of orthogonalidempotentsin FG is given as 

{ } ( )
0 1 1 1

0, 1, 1,. ... , 0 1 0 1
j

s j

n

i i s i j n

p
e e e i j s

p
− +−

 
≤ ≤ − ≤ ≤ −  

 
where 1 1

/ a
j j j j

G G G+ +=< > and  

1

1 1

1

, 1

0

1
a ,

n nj j

j

j j

j j

p
i k k

j i j j jn
g G k

e g
p q

α

− +

+ +

−

+
∈ =

  
=      
   

∑ ∑ j
α is ( )1j j

th
n n

p +−
 root of unity in ,F  arethe orthogonalidempotents 

in
jFG for 0 1.j s≤ ≤ −  

 

Example 

Example Consider an abelian group G of group 9. Then, G  will have a subgroup H  of order 3 and / 3G H = . Let 

/ a .G H H=< > Then, 

( )

( )

( )

2

0,0

2 2

0,1

2 2

0,2

1
1 a a

9

1
1 a a

9

1
1 a a

9

h H

h H

h H

e h

e h

e h

α α

α α

∈

∈

∈

 
= + + 

 

 
= + + 

 

 
= + + 

 

∑

∑

∑

 

are orthogonal idempotents in ,FG  whereα is solution of 
3x =1 in .F Also 3.H = Let .H b=< > Then, 

orthogonalidempotents in FH are 
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( )

( )

( )

2

1,0

2 2

1,1

2 2

1,2

1
1 b b

3

1
1 b b

3

1
1 b b

3

e

e

e

β β

β β

= + +

= + +

= + +

 

Then, the complete set of orthogonalidempotents of FG  is given by (

)

0 0,0 1,0

2

2 2 2 2 2

1
1 a a b ab

27

                a b b ab a b

h H

e e e

h
∈

=

 
= + + + + 

 

+ + + +

∑  

1 0 ,1 1 , 0

2 0 , 2 1 , 0

3 0 , 0 1 ,1

4 0 ,1 1 ,1

5 0 , 2 1 ,1

6 0 , 0 1 , 2

7 0 ,1 1 , 2

8 0 , 2 1 , 2

e e e

e e e

e e e

e e e

e e e

e e e

e e e

e e e

=

=

=

=

=

=

=

=
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