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1. Introduction

A.Csdszar [3]- [13] has introduced the notions
of generalized topological space, obtain
characterizations for generalized continuous functions
and associated interior and closure operators. In [S] he
introduced characterizations for generalized continuous
functions. Also in [3] he investigated the notions of -
a-open sets, [1- semi open sets, \u- pre open sets and p-
B open sets in generalized topological space. W.K. Min
[15] has introduced and studied the notions of (a, u,) —
continuous functions, (o, py) — continuous functions, (r,
uy) — continuous functions, and (B, u,) — continuous in
generalized topological spaces. Also D. Jayanthi [14]
has introduced some contra continuous functions on
generalized topological spaces such as contra (uy, Hy) —
continuous functions, contra (o, py) — continuous,
contra (o, 1) — continuous functions, and contra (B, u,)
— continuous functions. In this paper we introduce
contra (mp, u,) — continuous functions and investigate
their characterizations and relationships among these
functions.

2. Preliminaries

We recall some basic concepts and results.
Let X be a nonempty set and let exp(X) be the power
set of X. pcexp(X) is called a generalized topology
[S](briefly, GT) on X, if @ €u and unions of elements
of u belong to p. The pair (X, p) is called a generalized
topological space (briefly, GTS). The elements of p are
called p-open [3] subsets of X and the complements are
called p-closed sets. If (X, u) is a GTS and ASX, then
the interior of (denoted by i,(A)) is the union of all
GCEA, G€p and the closure of A (denoted by c,(A)) is
the intersection of all pu-closed sets containing A.
Note that cy(A) = X-i,(X-S) and i,(A) = X
—cu(X—A) [5].

International Journal of Statistiika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 6 Issue 1

Definition 2.1[5] Let (X, p,) be a generalized
topological space and AS X. Then A is said to be

(1) u- semi open if AC ¢, (i,(A)).

(ii) p- pre open if ASi,(c,(A)).

(iii) p-a-open if ACi,(c,(i,(A))).

(iv) u-B-open if ASc,(iy(cu (A))).

(v) p-r-open [17] if A =1i,(c,(A))

(vi) p-ra-open [2] if there is a p-r-open set U such

that UcAcc,(U).

Definition 2.2 [2] Let (X, uy) be a generalized
topological space and AS X. Then A is said to be p-nra
closed set if c;(A) €U whenever ACU and U is p-ro-
open set. The complement of p-nra closed set is said to
be p-mra open set.

The complement of p-semi open ( u-pre open, H-0-
open, u-B-open, u-r-open, p-ro-open) set is called u-
semi closed ( u- pre closed, u-a- closed, u-f- closed, p-
r- closed, p-ra-closed) set.

Let us denote the class of all u-semi open sets, p-pre
open sets, U-o-open sets, U-f-open sets, and p-mro. open
sets on X by o(uy) (o for short), n(u,) (w for short),
a(uy) ( a for short), B(uy) (B for short) and mp(uy) (mp
for short)respectively. Let u be a generalized topology
on a non empty set X and SEX. The p-a-closure (resp.
u-semi closure, p-pre closure, u-p-closure, p-mro-
closure) of a subset S of X denoted by c,(S) (resp.
Cs(S), cx(S), cp(S), cxp(S)) is the intersection of p-a-
closed( resp. u- semi closed, u- pre closed, u-p-closed,
u-mra closed) sets including S. The p-a-interior (resp.
u-semi interior, p-pre interior, u-p-interior, u-mro-
interior) of a subset S of X denoted by i,(S) (resp. i5(S),
i(S), 1p(S), ixp(S)) is the union of p-a-open ( resp. u-
semi open, {- pre open, H-B-open, p-mro open) sets
contained in S.

Definition 2.3[2] A space (X, p) is called p-nra T,
space if every pu-mra closed set is p- pre closed.
Definition 2.4 [2] Let (X, pu) be a generalized
topological space and let Xx€ X, a subset N of X is said
to be p-mra-nbhd of x iff there exists a p-mra- open set
G such that x€GCN.

Definition 2.5 [2] A function f between the generalized
topological spaces (X, uy) and (Y, u,) is called
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(1)  (ux, My)- mro — continuous function if f 1(A)(Ep-
nra (X, py) for each A €(Y, py).
(ii) (ux, My)- mro — irresolute function if ! (A)€Ep-
nra (X, py) for each A € p-nra(Y, py).
Definition 2.6 [14] Let (X, p,) and (Y, uy) be GTS’s.
Then a function f: X=Y is said to be
(1) contra (uy, py) continuous if for each p-open
set UinY, f'(U) is u- closed in X.
(ii) contra (a, py) — continuous if for each pu- open
setUinY, ! (U) is p- a-closed in X.
(iii) contra (o, py) — continuous if for each p- open
setUinY, ! (U) is pu- semi closed in X.
(iv) contra (m, py) — continuous if for each u- open
set Uin Y, £'(U) is p- pre closed in X.
(v) contra (B, uy) — continuous if for each u- open
set Uin'Y, f'(U) is u- B-closed in X.

3. Contra (rp, ny) — continuous functions
Definition 3.1 Let (X, py) and (Y, py) be GTS’s.

Then a function f: XY is said to be contra (np, uy) —
continuous, if for each p-open set U in Y, £'(U) is u-
ara closed in X.

Theorem 3.2 (i) Every contra (uy, Hy) — continuous
function is contra (mp, uy) — continuous.

(ii) Every contra (o, py) — continuous function is contra
(mp, uy) — continuous.

(iii) Every contra (m, u,) — continuous function is contra
(mp ,u,) —continuous.

Proof: Straight forward. Converse of the above
statement is not true as shown in the following
examples.

Remark: contra (mp, py) — continuous and contra (a, u,)
— continuous, contra (B, u,) — continuous are
independent concepts.

Example 3.3 Let X = {a, b, ¢, d}. Consider a
generalized topology u,= {®, {a}, {a,b, c}} on X and
define f: (X, pyx) =(X, uy) as follows f(a) = f(b) = d and
f(c) = f(d)= a. Then ' ({a}) = {c, d}, f'({a, b, ¢}) = {c,
d}.

We have f is contra (np, [5) — continuous but not contra
(ux, My) — continuous and contra (B, px) — continuous.
Example 3.4 Let X=Y= {a, b, c}. Consider two
generalized topologies p,= {@, {b}, {a, c}, {b, c}, X}
and puy= {0, {c}} on X and Y respectively. Define f: (X,
Hx)—=( Y uy) as follows f(a) = b, f(b) = a and f(c) = c.
Then f'({c}) = {c}. We have f is contra (mp, uy) —
continuous but not contra (a, uy) — continuous.

Example 3.5 Let X =Y= {a, b, c}. Consider two
generalized topologies u,= {@, {b}, {b, ¢}, {a, c}, X}
and uy={ @,{c}} on X.

Define f: (X, py) —>(Y uy) as follows f(a) = b , f(b) = c
and f(c) = c. Then ! ({c}) = {b, c}. We have flS contra
(np, uM,) — continuous but not contra (m, py) —
continuous, contra (B, 1y) — continuous and contra (o,
Uy) — continuous.

Example 3.6 Let X= {a, b, ¢, d}. Consider a
generalized topology p,= {0, {a}, {a, b, c}} on X.

Define f: (X, uyx) =(X, px) as follows f(a) =d, f (b) = a
and f(c)=f(d)=d. Then f'({a}) = {b}, f'({a, b, c})
= {b}. We have f is contra (o, puy) — continuous and
contra (B, tx) — continuous but not a contra (mp, Uy) —
continuous.

Theorem 3.7 Let (X, u,) and (Y, py) be GTS’s. Then
the following are equivalent for a function f: X-Y.

(i) f is contra (mp, uy)-continuous.

(i1) The inverse image of every u-closed set of Y is p-
mra open in X.

Proof: (i) =(ii) Let U be any p-closed set of Y. Since
Y\U is p-open then by (i) it follows that ! (Y\U) X\
(U) is u-mra closed in X. This shows that ! U) is p-
mra open in X. (i1) =() similarly.

Definition 3.8[16] Let (X, pu) be a GTS. The
generalized Kernel of AC X is denoted by pu- ker (A)
and defined as

u- ker (A) = N{GE p;A G}

Lemma 3.9 [16] Let (X, pu) be a GTS and AC X.

Then p-ker(A) = {xEX; ¢, ({x})HNA # @}.

Theorem 3.10 Suppose that p-mraO(X) is open under
arbitrary union then for a function f: (X, u)—(Y,u,) the
following properties are equivalent.

(1) fis contra (mp, uy)- continuous.

(ii) For every pu- closed subset F of Y, {
'(Y) is p-mro. open in X.

(iii) For each x€X and each p-closed

subset F of Y containing f(x) there
exists a p-mra open set U of X
containing x such that f(U)CF.

(iv) fcrp(A))Sp-ker(f(A)), for  every
subset A of X.
v) crp(f'(B))Sf ' (u-ker(B)), for every

subset B of Y.
Proof: (i) =(ii) is obvious.
(iii) =(iii) Let x€ X and F be a p-closed set in Y
containing f(x). By hypothesis, f'(F) is a p-mra
open in X.
(iv) Let U = f'(F) then f(U)= f(f'(F))<F. Thus
f(U)CF.
(iii)=(ii) Let F be any p-closed set of Y and x&f 1(F).
Since f(x)€F, by(iii) there exists a u-nro open set Uy of
X such that f(U,)S F. f'(F) = {UU,/ x&f '(F). Hence f
'(F) is p-mra open in X.
(i))=(iv) Let A be any subset of X .Suppose that y& -
ker(f(A)),there exist a u-closed set F containing y such
that f(A)NF =@. Thus we have ANf"(F) =@.Therefore
we obtain f(c,(A)NF = @ and y€&f(cy(A)). This
implies that f(cy(A))Su-ker(f(A)).
(iv)=(v) Let B be any subset of Y.
By (iv), we have f( c,[p(f B)) cu- “ker(f(f" (B))Su-
ker(B) and thus cnp(f (B))Cf (u-ker(B)).
(v)=(@{) Let V be any p-open set of Y. Then by
theorem3.10, we have cq(f'(V))cf ' (u-ker(V)) = £'(V)
and
c,[p(fl(V)) = fl(V). Hence fl(V) is a p-mra closed set in
X.
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Definition 3.11 A generalized topological space (X, px)
is called (i) p-mra locally indiscrete if every p-mro. open
set is u-closed.

(i1) Trp- space if every p-nra closed set is u-pre closed.
(iii) p-mra space if every p-mra closed set is p-closed.
Theorem 3.12 Let (X, uy) and (Y, u,) be two GTS’s.

1) If a function f: (X, p)—(Y,uy) be a
(Ux,My)-mror continuous and (X, py) is
p-mra locally indiscrete then f is contra
(mp, uy)- continuous.

(i1) If a function f: (X, u)—(Y,uy) is a
contra (mp,ly)- continuous and (X, )
is p-mro. Ty, space then f is contra(m,
Uy)- continuous.

(iit) If a function f: (X, pu)—>(Y, py) is
contra (mp, uy)- continuous and (X,
Ky is p-mro space then f is contra (U,
Uy)- continuous.

@iv) If a function f: (X, p)—(Y,u,) is
contra(zmp, Uy)- continuous and (X, )
is Tnp- space then f is contra(B, py)-
continuous.

Proof: (i) Let V be an p-open set in Y.

By assumption f "(V) is p-mra open in X.

Since X is p-mra locally indiscrete, f "(V) is u-

closed in X. Hence f'is contra (uy, 1y) — continuous.

(i1) Let V be an pu- open set in Y. By assumption

1(V) is p-mra closed in X. Since X is p-mro-Tip,

space then (V) is u-pre closed set in X.

Hence f is contra (m, py) — continuous.

(iii) Let V be an p- open set in Y. By assumption

(V) is p-nra. closed set in X. Since X is p-mra

space then f 1(V) is p-closed in X. Hence f is

contra (py , My)- continuous.

(iv) Let V be an u- open in Y. By assumption (V)

is p-mra closed in X. Since X is Ty, space then f

(V) is u-pre closed in X. But every u- pre
closed set is u-P closed set. Therefore (V)
is p-p closed set in X. Hence f is contra (B, p)-
continuous

Theorem 3.13 Let (X, u,) and (Y, py) be two
GTS’s and a function f: X—Y then the following
are equivalent.

1) The function f is (uy, py)- 7ra
continuous.

(ii) The inverse of each p-open set is -
Tro, open.

(iii) For each x in (X, ), the inverse of
every u-nbhd of f(x) is u-mra nbhd of
X.

@iv) For each x in (X, px) and every p-open

set U containing f(x) there exist a u-
mro. open set V containing x such that
f(V)cU.

) f(crp(A))E ¢, (f(A)), for every subset A
of X.

(vi) crp(f'(B))E £'(c,(B)), for every subset
BofY.

Proof: (i) =(ii) Straight forward.

(il)=(ii) Let x€X. Assume that V be a p-nbhd of

f(x), there exists a p-open set U in Y such that

f(x)EUSV. Consequently f "U) is u-mro open in X

and xef '(U)S (V). Then (V) is p-

ara nbhd of x.

(iii)=(iv) Let x€X and U be a pu-nbhd of f(x). Then

by assumption V=1{ 'U)is a p-mra. nbhd of x and

f(V)=f(f'(Uy)cU.

(iv)=>(v) Let A be a subset of X, f(x)&c,(f(A)).

Then there exists a p- open subset V of Y

containing f(x) such that VNf(A)=@. Then by (iv)

there exists a p-nro. open set such that f(x)ef(U)S

V.Hence f(U)Nf(A)= @, which implies UNA= Q.

Consequently x€cy,(A) and f(x)&f(c,(A)). Hence

f(cap(A)SC,((A)).

(v)=(vi) Let A be a subset of Y.

By (v) we obtain f(cq(f"(A))Sc, (f(F'(A)).

Thus f(cp(f'(A)Sc (A).

This implies (cqp(f"' (A)Sf ' (c,(A)).

(vi)=>(i) Let F be a p-closed subset of Y. Since

cu(P) = F and by (vi) f(cal(f (F))Sey(f( ()<

cu(F)=F.

This implies cq(f'(F))S £'(F) and so f'(F) is p-

nra closed.

Theorem 3.14 A function f: (X, p) =(Y, py) is (i,

y) — mro. continuous if and only if f '(U) is M-TTrOL

open in X, for every p- open set Uin Y.

Theorem 3.15 Let (X, u,) and (Y, p,) be two

GTS’s.

If a function f: XY is contra (np, p,) —continuous

and Y is p-regular then f is (uy, py) — 7ra

continuous.

Proof: Let x be an arbitrary point of X and V be an

p- open set of Y containing f(x).Since Y is p-

regular there exist an pu-open set W in Y containing

f(x) such that ¢, (W)EV. Since f is contra (np, u,) —

continuous, by theorem 3.10 (iii) there exist a u-mra

open set U of X containing x such that f(U)Sc, (W).

Then f(U)Sc, (W) SV.Hence f is (uy ,uy) —mra

continuous. Hence f is (uy, py) —mra

continuous.

Definition 3.16 Let f: (X, p)—(Y, uy) be a

function on GTS’s. Then the function f is said to be

@) u-mro. open, if the image of each p-nra
open set in X is a u-mra. open setin Y.
(>i1) u-mra closed, if the image of each p-

nra closed in X is p-mra closed in Y.

Definition 3.17[1] A GTS (X, L) is said to be py-
connected if X is not the union of two disjoint non
empty u-open subsets of X.
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Definition 3.18 A GTS (X, py) is said to be py-mra
connected if X is not the union of two disjoint non
empty p-mro open subsets of X.

Theorem 3.19 Let f: (X, py) (Y, py) be a (uy, py)-
wro. continuous surjection and if (X, py) is py- wra
connected then (Y, uy) is py - connected.

Proof: Let f be a (uy, py)- mro continuous function
of a py-mra connected space X onto Y. If possible
let Y be py- disconnected. Let A and B form a
disconnected of Y. Then A and B are u- open and
Y= AUB and ANB = @.

Since f is (uy, My)-mre continuous surjection

function, X =f(Y)=f'(AUB) =
'(A)Uf'(B), where f'(A) and f'(B) are
non empty u-mro open sets in X. Also f

1(A)ﬁf 1(B) =@. Hence X is not u-mro. connected.
This is a contradiction. Therefore Y is py-
connected.
Definition 3.20 A GTS (X, ) is said to be
(i) p-mra T if for each pair of distinct points x
and y in X, there exist two disjoint p-mra
open sets U and V in X such that x€U,
y&U and yeV, x¢V.
(i) p-mra T, if for each pair of distinct points
x and y in X, there exist disjoint p-mro
open sets U and V containing x and y
respectively.
Definition 3.21 A GTS (X, p) is said to be p-
Urysohn space if for each pair of distinct points x
and y in X, there exists p- open sets U and V such
that x€U and y€V and c,(U)Nc (V) =0.
Theorem 3.22 Let (X, py) and (Y, uy) be GTS’s. If
the following three assumptions are satisfied

@) for each pair of distinct points x and y
in X there exists a function f of X into
Y such that f(x) #f(y).

(i1) (Y, p,) is a py-Urysohn space.

(iii) f is a contra (mp, u,) continuous at x
andy.

Then (X, py) is p- mra Ts.

Proof: Let x and y be any distinct points in X. By
assumption (i) there exists a function f: X— Y such
that f(x) #f(y). Let a = f(x) and b= f(y).
Since Y is a py- Urysohn space then there exists -
open sets V and W containing a and b respectively
such that ¢, (V)Nc, (W) = .

Since f is contra (mp, uy) —continuous at x and y
then there exists p-mroa open sets A and B
containing x and y respectively, such that f(A)
Cc,(V) and f(B)Sc,(W). Then f(A)nNf(B) = @. So
ANB =@. Hence X is p-nra Ts.

For 'a map fi X, po—>(Y, upy) ,
the subset {(x, f(x));x€X}cXXY is called the
graph of f and is denoted by G (f).

Theorem 3.23 Let (X, u,) and (Y, p,) be GTS’s.
Let f: X—>Y be a map and g: X— XXY the graph

function of f defined by g(x) = (x, f(x)) for every
XEX.

If g is contra (mp, u,)- continuous then f is contra
(mp, uy)- continuous.

Proof: Let U be an p- open set in Y. Then XXU is
an u- open set in XXY. Since g is contra (np, uy)
—continuous then f l(U) = g'l(XXU) is p-mra closed
in X. Hence f is contra (np, u,) — continuous.
Definition 3.24 The graph G, (f) of a map

f: (X, py) —(Y, yy) between GTS’s is said to be
contra (mp, Uy)-closed if for each (x, y) €(XXY)
\Gy(f), there exist an p-mra open set U in X
containing x and a p- closed set V in Y containing
y such that (UXV)NG,(f) = @.

Lemma 3.25 Let G(f) be the graph of a map

f: (X, puy) =(Y, yy) between GTS’s. For any subset
AcX and BCY, f(A)nNB = @ if and only if
(AXB)NG,(f) = 9

Proposition 3.26 The following properties are
equivalent for the graph G (f) of a map f in GTS’s.
(1) Gy(f) is contra (mp, u,) — closed.

(ii) For each (x, y) E(XXY)\G,(f), there exist an p-
nro. open set U in X containing x and a p-closed V
in Y containing y such that f(U)NV = @.

Theorem 3.27 Let (X, u,) and (Y, p,) be two
GTS’s. If f: X-Y is contra (rp, u,) — continuous
and Y is

uy- Urysohn space, then G,(f) is contra (np, u,) —
closed in XXY.

Proof: Let (x, y)€ (XXY)©\Gy(f). It follows that
f(x)#y and since Y is py- Urysohn space then if
for each distinct points x and y in X there exists p-
open sets B and C such that f(x)EB and yeC and
c,(B)Nc,(C) =@. Since f is contra (mp, py) —
continuous then there exists an p-nra closed set A
in X containing x such that f(A)cc,(B). Therefore
f(A)Nc,(C) = @ and Gy(f) is contra (mp, py) —
closed in XXY.

Theorem 3.28 Let (X, p,) and (Y, py) be two
GTS’s. Let f: X—>Y have a contra (mp, py) — closed
graph. If f is injective then X is p-nra T).

Proof: Let x; and X, be any two distinct points of X.
We have (x1, f(x2)E(XXY)\ Gu(f) and there exist
an p-mra open set U in X containing x; and a p-
closed set V in Y containing X, such that f(U)NF =
@.
Hence UNf 1(F) = @. Therefore we have x,&U. This
implies that X is p-nra T}.

Theorem 3.29 Let (X, ), (Y, uy) and (Z, u,) be
GTS’s. Let f: X—>Y be surjective, (uy, py) —mra
irresolute and p-mra closed and g: Y—Z be any
function. Then g of is contra (np, py) — continuous
if and only if g is contra (np , u,) — continuous.
Proof: Suppose g of is contra (np, u,) — continuous.
Let F be any p-open set in Z. Then (g of )'I(F) =f
l(g'l(F)) is p-mra closed in X. Since f is p-mro
closed and surjective, f(f l(g'l(F)) = g'l(F) is u-mro

Copyright © 2013, Statperson Publications, linternational Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 6 Issue 1 2013



International Journal of Statistika and Mathematika, ISSN: 2277- 2790 E-ISSN: 2249-8605, Volume 6, Issue 1, 2013 pp 30-34

in Y and we obtain that g is contra (mp, p,) —
continuous.

Conversely, suppose g is contra (mp, M) —
continuous. Let V be p-open in Z. Then g’l(V) is pu-
nra. closed in Y. Since f is (uy, py) — irresolute, f
1(g"l(V)) =(ge H(V) is p-zro closed in X and so
go fis contra (np, u,) — continuous.
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