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1. Introduction, Definitions and Notations
We denote by Cthe set of all finite complex
numbers . Let f be an entire function defined in the open
complex plane C. The maximum term u(r,f) of f =
o0

Y ayz" on |z| = r is defined by u(r,f) = max
n=20
(Jay|r™) and the maximum modulus M(r, f) of f =
o0

Y a,z"
n=20
max |f(2)] .

lz| = r
notation :
log[k]x = log ( log[k_l]x) for k=1,2,3,...and
log[o]x =x.
To start our paper we just recall the following
definition:

on |z| = r is defined by M(r, f) =

In the sequel we use the following

Definition 1 The order ps and lower order A¢ of an
entire function f are defined as

[2]
log"“'M¢(r) T
R and Ay = liminf -
g r > w g

ps = limsup log!m(r)
;= log "M ()
T — O

Using the inequalities p(r, f)< M(r, f) <
% u(R, f) { ¢ [8] }, for 0 <1 < R one may verify
that

[2] [2]
R B gng 3, = liminf~E 0.

Pr= llmsup logr r—> oo logr

T — o0
Definition 2 The type o of an entire function f is

defined as

. log M¢(1)
op = limsup—5—,

roow
Datta and Jha [3] introduced the definition of
weak type of a meromorphic function of finite positive

lower order in the following way :

Definition 3 [3] The weak type 7t of an entire
function f of finite positive lower order Af is defined

by

0<pf<OO.

.. o log Mp(T)
Tr = liminf ———-
frsw
If an entire function g is non-constant then M ()
is strictly increasing and continuous and its inverse Mg L.
(1f(0)],©) - (0 ,o) exists and is such that
lim M;'(s) = .
S — 0
Bernal [1] introduced the definition of relative
order of an entire function f with respect to an entire
function g, denoted by p4(f) as follows:
pg(f) =inf {u>0:
Mg (r) < Mg(r#) forall v > r5(u) > 0}
log Mgt Mg(r) )

limsup oar

T — o0
The definition coincides with the classical one [9]

if g(z) =expz.
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Similarly one can define the relative lower order
of an entire function f with respect to an entire function g
denoted by A4( f ) as follows :

g(f)—hmlf

Datta and Maji [4] gave an alternative definition
of relative order and relative lower order of an entire with
respect to another entire in the following way :

Definition 4 [4] The relative order py(f) and relative
lower order A4( f) of an entire function f with respect to
an entire function g are defined as follows:

pg(f) = llmsupM and A4(f) =

T — ©

log Mg Mf(r)

liminf oz g 1y @)
r - o logr
Recently Roy [5] introduced the notion of
relative type of two entire functions in the following
manner :
Definition 5 [5] Let f and g be any two entire functions
such that 0 < p4(f) < oo. Then the relative type g, (f) of

f with respect to g is defined as:

o,(f) =inf {k>0: M(r) < Mg(krpg(f))
for all sufficiently large values of 1}
=1 Mg My(r)
= limsup— 75—
T — O

Analogously to determine the relative growth of
two entire functions having same non zero finite relative
lower order with respect to another entire function, one
may introduce the definition of relative weak type ( in the
notion of Datta and Jha [3] ) of an entire function f with
respect to another entire function g of finite positive
relative lower order A4( f*) in the following way :
Definition 6 The relative weak type 7,(f) of an entire
function f with respect to another entire function g
having finite positive relative lower order Ag( f) is
defined as:

My M (r)
Tg ( f ) = }ﬂlmllgl—(ﬂ

Considering g = exp z one may easily verify
that Definition 5 and Definition 6 coincide with the
classical Definition 2 and Definition 3 respectively.

In the paper we study some relative growth
properties of maximum term and maximum modulus of
composition of entire functions with respect to another
entire function on the basis of relative order, relative type
and relative weak type. We do not explain the standard
definitions and notations in the theory of entire functions
as those are available in [10].

2. Lemmas
In this section we present some lemmas which will be
needed in the sequel.
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Lemma 1 [2] If f and g are two entire functions then for
all sufficiently large values of ,

Mpgog(r) < Me(My(r)) .
Lemma 2 [7] Let f and g be any two entire functions.
Then for every a > 1 and 0<r<R,

Hrog(r) < =ity (32 1g (R)) .

Lemma 3 [1] Suppose f is an entire function and a > 1,
0 < f < a, then for all sufficiently large 7,

Mg(ar) = BMs(r).
Lemma 4 [4] If f isentire and a > 1, 0 < ff < , then
for all sufficiently large r,

r(ar) = Buy(r).
Lemma 5 Let f and g be any two entire functions. Then
forany a > 1,

(1) Mi"My(r) < i[5

s hyp(an)]
and (i) py tup(r) <

aM;?t [(aﬁl) Mf(r)].
Proof. Taking R = ar in the inequalities pp(r) <
Mp(r) < % Un(R) { cf. [8] }, for 0 < r < R we obtain
that

My (r) <y (r)

and up*(r) < a M;? ((aa_rl)) .

Since M;;*(r) and uj,'(r) are increasing functions of 7,
the lemma follows from the above and the inequalities

nr(r) < Mp(r) < = ue(ar) { of . [81)

2. Theorems

In this section we present the main results of the
paper.
Theorem 1 Let f , g and & be any three entire functions
such that 0 < A,(f) < pp(f) <o and g5 <o . Then
forany f > 1

. IOgﬂﬁlﬂfog(r) ag - pr(f)

1 .

s Plog kit g exp(BrPD) = T ()
Proof. Taking R = fr in Lemma 2 and in view of
Lemma 4 we have for all sufficiently large values of r
that

Hrog @) < (Z5) iy (G55 1o (BD)

l.e, Upog(r) <

(a-1ap
((a 1)(B- 1)“g(ﬁr))'

Since py1(r) is an increasing function of 7, it follows
from above for all sufficiently large values of r that

- - Qa-1)ap
Hr tpog (1) < pitpy (m g(ﬁ”))

, _ - (2a-1)
i.e., log py ipog(r) < log pytus (ﬁ g(ﬁr)) 1)

Page 116
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2
log pjp ' f(%ug(ﬁr))
log uy s (exp(Br)P9)
-1 2a2B
_ bz wr(@ten)

2a2p
log {25 cpma (BT}

e log iy trog(T)
” log pytus (exp(Br)P9) —

log g (B7)+0(1) . log {exp(Br)P9} )
(BP9 log s (exp(Br)P9)
. . log ﬂi;lufag(r)
tLe., limsu —_— >
N oflog Hytis (exp(Br)Pa)

2
log ujy 1uf(—(a,2f;(§,1)ug (Bﬂ)

< limsup =
r—>oo log {—(a,zl)([il)ﬂg(ﬁr)}
1 o P
limsup 2LALENTOW) o 108 (exP(BN)°)

(BP9 log py iy (exp(Br)Pa)
log ﬂi;lufag(r)

log pj,* s (exp(Br)P9) —

T —> 0 T —

i.e., limsup
T — 00

o) g
Thus the theorem is established.
In the line of Theorem 1 the following theorem can be
proved :
Theorem 2 Let f , g and h be any three entire functions
with 1,(g) >0, pp(f) <o and g5 < oo . Then for
any f > 1,
. log Ili_zllifog(r) g - pr(f) .
lrlrrflg;) log g (exp(Br)P9) = An(g)
The proof is omitted.
With the help of Lemma 1 and in the line of
Theorem 1 and Theorem 2 the following two theorems
may be proved :
Theorem 3 Let f , g and & be any three entire functions
such that 0 < A, (f) < pp(f) < %0 and o, < o . Then
. log Mﬁleog(r) ] on(f) .
1;”;5‘;};’ log My, 1M, (exp()P9) = An(f)
Theorem 4 Let f , g and h be any three entire functions
with 4,(g) > 0, pp(f) < o and o < . Then
. log Mﬁleog(r) g - pr(f) .
nSUp vy (exp)79) = 7o)

Using the notion of weak type, we may state
the following two theorems without proof because it can
be carried out in the line of Theorem 1 and Theorem 3
respectively.

Theorem 5 Let f , g and & be any three entire functions
such that 0 < A,(f) = pp(f) < and 745 < oo . Then
forany g > 1,

liminf —k’,glﬂzlufog(r) = <

r — oo log uptpr (exp(Br)*9)
Theorem 6 Let f , g and & be any three entire functions
with 0 < A, (f) = pp(f) < o and 75 < oo . Then

liminf M <

1 — oo log My "My (exp(r)”9)
Theorem 7 Let f , g and & be any three entire functions
such that (i) 0 < py(f) <o , (id) pa(f) = pgr (i)

Tg'

Tg'

g <o , and (iv)0<o,(f) <o. Then for any
a,f>1land ¥y >0,
o log i peg(™) _ [(atya—n)ap]Pr)  pu() -0,
liminf u;:lluff(f) = (ya—1y) ﬁ] o
Proof. From (1) and the inequality u(r, f) < M(r, f) {
cf . [8]}, we get for all sufficiently large values of r that
log i prpog (1) <

(on(f) + &) {log py (Br) + 0(1)}

i.e.,log ui pog (1) < (pn(f) + {log My(Br) + 0D} (3)
Using the definition of type we obtain from (3) for all
sufficiently large values of r that

10g 7 frog (1) < (pn(f) + €)(ag + €){r}Ps + 0(1) - @)
Now in view of condition (ii) we obtain from (4) for all
sufficiently large values of r that

1og i trog (1) < (pn(f) + €) (g + £){Br}rr) + 0(1) )
Again in view of Lemma 4, Lemma 5 and the definition
of relative type we get for a sequence of values of r
tending to infinity that

-1 a -
wit [ e tan)] = i my ()

i.e, upt [,uf (W)] > M Mg (r)
(a-1) )

e, pp'pp(r) = My My ((a+ya—y)a

- n(f)
ie ity () = () - ) (i) ©®

Now from (5) and (6) it follows for a sequence of values
r tending to infinity that
log 1ir Brog (1) _ (n(N)+e)(ag+e)(Br}PrP+0(1)

-1 _ pr(f)
Hn #f(r) (Uh(f)_g){(afjai)y)ar}

Since € > 0 is arbitrary , it follows from above that
e 08 i oo (D) [(atya-y)ap PP py(f). a5
liminf = = [ @1 on(f)

Using the notion of weak type and relative
weak type, we may state the following theorem without
proof as it can be carried out in the line of Theorem 7:
Theorem 8 Let f , g and & be any three entire functions
such that (i) 0 < p,p(f) <o , (i) A, (f) = A4, (iii)
7y < 9, and (iv) 0 < 7,(f) < . Then for any a, § >
land y >0,

. log uptipog(r) (at+ya-y)aB lh(f). pr(f) 14
Lln—l:rg) uptug (0 = [ (a-1) ()

Similarly using the notion of type and relative
weak type one may state the following two theorems
without proof because those can also be carried out in the
line of Theorem 7:

Theorem 9 Let f , g and & be any three entire functions
such that (i) A,(f) = pg, (ii) 05 <o , and (iii) 0 <
To(f) < oo. Thenforanya, § >1and y >0,
o loguptpog(™) < (a+ya-y)ap () Aoy
;}I‘r_l)lr‘(l}; pRtup ) T [ (a-1) Tn(f)
Theorem 10 Let f , g and & be any three entire functions
such that (i) 0 < p,(f) < o, (i) 4, (f) = py. (iii)
04 < o, and (iv) 0 < 7, (f) < o. Then for any
a,f>1land y >0,
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Ogﬂglﬂfog(r)<
winr ) L (@1

: ! (@rya-y)ap|D  pp(f) o, |
limsup 7
Theorem 11 Let f , g and & be any three entire functions
with (£) 0 < py () < o0 , (id) pu(f) = py, (iii) 0, < o0
,and (iv) 0 < gy, (f) < 0. Then

P log Mﬂleog(r) pn(f) o4 .

fminf e, = e
Theorem 12 Let f , g and & be any three entire functions
such that (i) 0 < p,(f) < oo , (i) A, (f) = A4 , (iii)
7y <, and (iv) 0 < 7,(f) < . Then

liminf 2 Mileog(r) < )Ty

r— oo My Mf() (/)
Theorem 13 Let f , g and & be any three entire functions
such that (i) A,(f) = pg, (ii) g4 < oo, and (iii) 0 <
Th(f) < 0. Then

P IOgMﬂleog(r) An(f) ag i

fminf e =
Theorem 14 Let f , g and & be any three entire functions
such that (i) 0 < pp(f) < oo , (ii) Ax(f) = pg. (iii)
04 < o, and (iv) 0 < 7,(f) < . Then

. l"gMﬂleag(T) pr(f) ag
1 .
;mj“o‘; Mi*Mp (1) = ()
The proof of Theorem 11, Theorem 12,

Theorem 13 and Theorem 14 are omitted as those can be
carried out in view of Lemma 1 and in the line of
Theorem 7, Theorem 8, Theorem 9 and Theorem 10
respectively.

Theorem 15 Let f , g and & be any three entire functions
such that (i) 0 < p,(f) < o0, (ii) 0 < g, (f) < oo, (iii)
pr(fog) = pr(f), and (iv) op(fog) < oo. Then for any
a>1land y >0,

i Brog(M) _ (atya=—p)*PrD . alh®+t gy (fog)

liminf <
r — 00 Hy'hp() (a-1)%Pr) on(f)
(a—1)2Ph() .on(fog)
(a+ya-y)2Pr() | gPr(N+1 on(f)
-1
. Un ' Bog(r
limsup 22tres®
r—ooo Hukr™

Proof . From the definition of relative type and in view
of Lemma 3 and Lemma 5 we obtain for all sufficiently
large values of r that

i Bog () < @My [ Myog ()]
< Mt [Myoy ((“57) 7)]

L.e., tn trog(r) < a(on(fog) + &) {(—a+ya_y) r}ph(fog)

a-1

(O]

and
trtup(r) < alop(f) +

_ Pr(f)
o{(=) 7} ®)
Also in view of Lemma 4 and Lemma 5 we obtain for a
sequence of values of r tending to infinity that
-1 -1 ((1—1)
Hi Hrog(r) = My Myog (((awa—y)a) 1’)
(a=1D)r )}Ph(fog)

e 1 Hpog () 2 (an(fog) — &) {(Fosm
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ie., typ'hpog(r) =

(a-1) pr(fog)
(m) - (on(fog) — €) - rPrU09) ©
and
it (r) =
(a-1) \Pr(H . o)
(m) (on(f) —€) -rPn 10)

Now from (7) and (10) it follows for a sequence of
values of r tending to infinity that

M pog @) _ @ (On(fog)+e) (=) r}ph(fag) _

-1 - - Pr(f)
Hiwp () __(a=n  \PRY —&) - 7Ph(D
((a+ya7y) a) (on(f)=¢) - 1Ph

In view of the condition (iii) we get from (11) that

an

—APR(D
liminf Ui lpog(T) < a (op(fog)+e) (%)

=y = - PrlD

uptup() (a-1) PRV _
T 0o Hnkf (@yaya)  ontn-2)

As (> 0) is arbitrary, it follows from above that

o BiHrog() _ (atya—y)?Ph) . aPhD gy (fog) |
i'lrg)lrg) Q) (a—1)2Pr) on(f)
Again from (8) and (9) we get for a sequence of values
of r tending to infinity that

< 12)

1 ( (a-1) )"h(f"w
Up ﬂfog(r) > (a+ya—y) a

-1 = _ f
HE () @ (on(fr+e) {222 r}"h( )

a-1
Since py(fog) = pn(f) , we obtain from (13) that
(a-1) Pr(N)
K tfog(T) > ((a+va—v) oz) . (on(fog)-¢) |
Wituery = (a+va—v)"h(f’ a (ar(f)+e€)

a-1

“(on(fog)—e) - rPrU°9)

(13)

limsup

T — 00
As g(> 0) is arbitrary, it follows from above that
ﬂ;lﬂfog(r) >

limsup )

T — 00
(@-1)2Pn) on(fog) "
(a+ya-p)2PnD . aPnD¥1 gy (f) (14

Thus the theorem follows from (12) and (14) .

In the line of Theorem 15 we may state the
following theorem without proof :
Theorem 16 Let f , g and & be any three entire functions
with (i) 0 < p,(g) <o , (ii) 0 < g,(g) < oo , (iii)
pr(fog) = pn(g) and (iv) o, (fog) < . Then for any
a>1land y >0,

liminf Hitbrog(r) _ (a+ya—y)?Phl®) . aPh@+1 gy (fog)

r— o0 Hithg(™) — (a-1)2Pn(9) on(g)
(a=1)?Ph@ on(fog) _ s M tog(r)

and Crray) D e o) S limsup ——=
ya-y n(g r— oo Hukg™

Using the notion of relative weak type, we may

state the following two theorems without proof because
those may be carried out with the help of Lemma 3 and
Lemma 5 and in the line of Theorem 15 and Theorm 16
respectively.
Theorem 17 Let f , g and & be any three entire functions
such that (i) 0 < A,(f) < oo , (ii) 0 <1 (f) < 0,
(iit) Ap(fog) = Ax(f) and (iv) t,(fog) < 0. Then for
anya>1land y >0,
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Pt —)2Ah () | gAp(H+1
liminf uh_ll‘fog(r) < (atya-y) ak -(ft)r . Ta(fog)
T —> 00 Hip ke (a—1)%*n Th(f)
and (a-1D :
(a+ya—p) 2 gZn(D+1
-1
Th(f09) < limsup ﬂh_ll‘fag(r)_
() My up ()

r—
Theorem 18 Let f , g and & be any three entire functions
such that (i) 0 < A,(g) < oo, (ii) 0 < t,(g) < oo, (iii)
An(fog) = A,(g) and (iv) t,(fog) < oo. Then for any
a>1land y>0,

Bi'brog() _ (a+ya—y)?h@ . g?h@+1 3 (fog)

liminf <
r > oo Hitkg(™ (a-1)2*n(9) 7h(9)
—1)24n(9)
and @ M)( . :
(a+ya-y)?*n@)  gin(@)+1
-1
Th(f09) < limsup ﬂh_ffag(r)_
Th(9) Up rg(r)

r = o
Similarly one may state the following four
theorems without proof on the basis of relative type and
relative weak type of entire functions with respect to
another entire functions in terms of their maximum
modulus :
Theorem 19 Let f , g and & be any three entire functions
with (i) 0 < pf (f) < oo, (i) 0 < 0f (f) < oo, (iii)
ph (fog) = p (f) and (iv) of (fog) < o . Then

e MitMpog() _ ok (fog) _ . Mi Mpog(r) |

i S 0 = ok~ ISP S
Theorem 20 Let f , g and & be any three entire functions
such that (i) 0 < pk (g) <o , (i)0<oaf (g) <o ,
(iid) py; (fog) = pf; (9) and (iv) o (fog) < oo . Then
cinf MEMroe™ _ ok (Fog) Mii " Mrog (1)
P ey ) = oF ) iy )

< limsup
r — 00

Theorem 21 Let f , g and & be any three entire functions
with ()0 <AL (f) <oo , (i) 0< Tk (f) <oo , (iii)
A (fog) = A4 (f) and (iv) % (fog) < o . Then

MM L MM
liminf —2— rog® ThLEfog) < limsup —2L2— rog @),
r — o0 My Mg (r) T (f) r— oo MM

Theorem 22 Let f , g and & be any three entire functions

such tlzat (o< A%l (g) <oo , (u) 0<71h(g) < ,

(iii) A% (fog) = 2% (g) and (iv) % (fog) < o . Then
o MitMpog(r) _ Th(fog) Mj Mpog(r)
P e S @ T

< limsup
r — 00

Theorem 23 Let f , g and & be any three entire functions
such that (i) 0 < pp(f) < oo , (ii) op(f) < oo , (iii)
An(fog) = pn(f) and (iv) t,(fog) > 0. Then for any
a>1land y >0,

o M Brog(T) (a—1)2Pn) n(f09)
Llrglrg) Byt (1) = (atya—y)?Ph) _aPh® g (p)
Proof. From the definition of 7,(fog) and in view of
Lemma 4 and Lemma 5 we obtain for all sufficiently
large values of r that

M}?lﬂfog =

-1 (a-1)
My Mog ((a+ya—y)ar)

. _ (a=1) Ar(fog)
e )2 ()0 (5250

ie., iy trog(r) =
(@1 o9 . An(fog) .
(m) (tp(fog) — &) -r*n (15)

Thus from (8) and (15) we get for all sufficiently large
values of r that

B (@-1) \*h(o9)
ﬂhlﬂfog(r) > ((u+ya—y)a)

ui ) = @ (on(f)+8) {(w) T}Ph(f)

a-1

Since A, (fog) = pn(f) , we obtain from (16) that
( (a-1) )Ph(f)

- (th(fog)=e) - T*hU09)

(16)

i . ﬂi;lufag(r) > (a+ya—y)a ) (tn(fog)—¢) )
lr”ﬂmof) uptup () = (awaﬂ')ph(f’ a (on(f)+¢)
a-1

As (> 0) is arbitrary, it follows from above that
b —1)2pPn(N)

Erilrg) P—Z;i‘;:g((:)) = (a+ya_(j)22(f)h_ PG Tf;i};()f?) '
Thus the theorem is established.
Theorem 24 Let f , g and & be any three entire functions
such that (i) 0 < A,(f) < oo , (ii) Tp(f) < o0 , (iii)
pn(fog) = A, (f) and (iv) o, (fog) > 0. Then for any
a>1land y >0,
Ui lpog(T) <
Hptpp () T

(atya-y)?mD . oD+ g (fog) |
(a—1)?n) %)

limsup
T — o0

Proof. From the definition of 7,(f) and in view of
Lemma 4 and Lemma 5 we obtain for all sufficiently
large values of r that

-1 -1 (a—1)
I‘lh :ufog(r) = Mh Mf ((a+ya—y)ar)

' " @-1r )0
ie, uptue(r) = (tp(f) — ©) {(m}}
Le, uptue(r) 2
(@a=1) A _ .
(2 ) - o) e .

Thus from (7) and (17) we get for all sufficiently large
values of r that

aya— (fog)

it uaglr) _ nGroo) ) (<520 as)
= =7 ®

Hy b (r) ((a :yai)y)a) O N I B 10

In view of the condition (iii) we get from (18) that

A
a (on(fog)+e) ()™

-1
. U Brog(M)
limsup 22Le 2 <

1 = ()
up by (1) (a-1) \*hY/, _
r— o ((a +ya7y)a) @n(N-e)

As g(> 0) is arbitrary, it follows from above that
. HiBrog(™) _ (atya—y)?* D). a?hDH gy (fog)
l;mjuog u#;fg(r) = (@170 G
Thus the theorem follows from above.

In the line of Theorem 23 and Theorem 24 we
may state the following two theorems without proof :
Theorem 25 Let f , g and & be any three entire functions
such that (i) 0 < pp(g) < oo , (i) op,(g) < oo , (iii)
An(fog) = pp(g) and (iv) t,(fog) > 0. Then for any
a>1land y>0,

o i Brog () (a—1)?Pn() Th(f0g)
N iy ) = @rva—r?on® @ anlg)
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Theorem 26 Let f , g and & be any three entire functions
such that (i) 0 < A,(g) < oo , (ii) Tp(g) < o , (iii)
pn(fog) = 1,(g) and (iv) o,(fog) > 0. Then for any
a>1land y >0,
limsup #Eiffog(r) = (a+ya_wuh;?'<?lh(g)+l . on(fo9)
r— oo Hukg™ (a=1)**n'9 tr(9)
Analogously we may also state the following four
theorems without proof on the basis of relative type and
relative weak type of entire functions with respect to
another entire functions in terms of their maximum
modulus :
Theorem 27 Let f , g and & be any three entire functions
such that (i) 0 < p,(f) < oo , (ii) o, (f) < o0, (iii)
2n(fog) = pa(f) . and (iv) T4(fog) > 0. Then
o My Mfog(r) tr(fog)
fminf = 0 = on)
Theorem 28 Let f , g and / be any three entire functions
such that (i) 0 < A, (f) < oo , (ii) Tp(f) < oo, (iii)
pr(fog) = A (f) , andl (iv) op(fog) > 0. Then
. My, Mfog(r) op(fog) .
msup =, 9 = ")
Theorem 29 Let f, g and & be any three entire functions
such that (i) 0 < pp(g) < oo , (ii) op(g) < oo, (iii)
An(fog) = pn(g) ,and (iv) tp(fog) > 0. Then
liminf M Mrog® o wn(fog)
r—>oo Mi'Mg(® — on(@)
Theorem 30 Let f, g and & be any three entire functions
such that (i) 0 < A,(g) < oo , (ii) 7,(g) < oo, (iii)
pr(fog) = Ax(g) ,and (iv) op(fog) > 0. Then
Mﬁleog(T) op(fog) .
M Mg (r) —  th(9)

limsup
r >
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