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1. Introduction, Definitions and Notations 
         We denote by ℂ the set of all finite complex 

numbers . Let  f  be an entire function defined in the open 

complex plane  ℂ . The maximum term  �(�, �) of  f  = 
∞∑  � = 0���  on |�| = r  is defined by �(�, �) = max 

(|��|��) and the maximum modulus �(�, �) of  f  = 
∞∑  � = 0���  on |�| = r  is defined by �(�, �) =
max|�|  =  �  

 |�(�)| .  In the sequel we use the following  

notation : 

log
���� = log ( log

������ )  for  � = �, �,  , …. and 

log
�#�� = � . 

           To start our paper we just recall the following  

definition: 

 

Definition 1  The order $% and lower order &% of  an 

entire function  f  are defined as 

$% =  limsup� → ∞

log
�-�./(0)
123 0    and  &% = liminf� → ∞

log
�-�./(0)
123 0 ∙  

           Using the inequalities �(�, �) ≤  �(�, �) ≤8
8��  �(8, �) { cf. [8] }, for # ≤ � < 8 one may verify 

that  

$% =  limsup� → ∞

log
�-�:/(0)
123 0    and  &% = liminf� → ∞

log
�-�:/(0)
123 0  ∙  

Definition 2  The  type  ;%  of  an entire  function   f  is  

defined as   

;% = limsup� → ∞

log ./(0)
0</  , 0 < $% < ∞ . 

            Datta and Jha [3] introduced the definition of  

weak  type of  a meromorphic  function  of  finite positive  

lower order in the following  way : 

 Definition 3  [3]  The weak  type  =%  of  an entire  

function  f  of  finite  positive lower order  &% is defined 

by 

=% = liminf� → ∞

 log ./(0)
0>/  ∙  

            If an entire function  ? is non-constant then @A(�) 

is strictly increasing and continuous and its inverse @A�B : 

(|�(0)| ,∞) → (0 , ∞) exists and is such that  limC → ∞

 @A�B(C) = ∞. 
            Bernal [1] introduced the definition of relative 

order of an entire function f with respect to an entire 

function ?, denoted by $A(�) as follows: 

                                                        $A(�) = inf  { E > 0 ∶
 @%(�) < @A(�:) for all � > �H(E) > 0 } 

                                                                   = 

limsup� → ∞

log .JKL./(0)
log0  ∙  

            The definition coincides with the classical one [9] 

if  ?(�) = exp� .  
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            Similarly one can define the relative lower order 

of an entire function f with respect to an entire function  ? 

denoted by  &A(  f  ) as follows : 

&A(  f  ) = liminf� → ∞

log .JKL./(0)
log0  ∙   

             Datta and Maji [4] gave an alternative definition 

of relative order and relative lower order of an entire with 

respect to another entire in the following way : 

Definition 4 [4] The relative order $A(�) and relative 

lower order &A( f ) of an entire function  f  with respect to 

an entire function  ? are defined as follows: 

$A(�) = limsup� → ∞

log :JKL:/(0)
log0   and  &A( f ) = 

liminf� → ∞

log :JKL:/(0)
log0  ∙ 

              Recently Roy [5] introduced the notion of  

relative type of  two entire functions in the following 

manner : 

Definition 5 [5] Let  f  and ? be any two entire functions 

such that 0 < $A(�) < ∞. Then the relative type ;A(�) of  

f  with respect to ? is defined as:  

                 ;A(�) = inf  { N > 0 ∶ @%(�) < @A(N�OJ(%)) 

for all sufficiently large values of �}  

                                               = limsup� → ∞

 .JKL./(0)
0<J(/)  ∙  

               Analogously to determine the relative growth of 

two entire functions having same non zero finite relative 

lower order with respect to another entire function, one 

may introduce the definition of relative weak type ( in the 

notion of Datta and Jha [3] ) of an entire function  f  with 

respect to another entire function ? of finite positive 

relative lower order &A(  f  ) in the following way : 

Definition 6  The relative weak type  =A(�) of an entire 

function  f  with respect to another entire function  ?  

having finite positive relative lower order  &A( f ) is 

defined as: 

=A(�) = liminf� → ∞

@A�B@%(�)
�PJ(%) ∙ 

              Considering ? = exp � one may easily verify 

that Definition 5 and Definition 6 coincide with the 

classical Definition 2 and Definition 3 respectively. 

                In the paper we study some relative growth 

properties of maximum term and maximum modulus of 

composition of entire functions with respect to another 

entire function on the basis of relative order, relative type 

and relative weak type. We do not explain the standard 

definitions and notations in the theory of entire functions 

as those are available in [10].   
 

2. Lemmas 
In this section we present some lemmas which will be 

needed in the sequel. 

Lemma 1 [2] If  f  and ? are two entire functions then for 

all sufficiently large values of  �,  @%QA(�) ≤ @%( @A(�)) . 

Lemma 2 [7] Let  f  and  ? be any two entire functions. 

Then for every R > 1 and  0 < � < T , 
E%QA(�) ≤ U

U�B E% V UW
W�0 EA(T)X . 

Lemma 3 [1] Suppose  f  is an entire function and R > 1, 0 < Y < R , then for all sufficiently large �,  @%(R�) ≥ Y@%(�). 
Lemma 4 [4] If  f  is entire and  R > 1, 0 < Y < R, then 

for all sufficiently large �,   E%(R�) ≥ YE%(�).  
Lemma 5 Let  f  and  ? be any two entire functions. Then 

for any  R > 1 ,  
([ ) @\�B@%(�) ≤ E\�B ] U

(U�B) E%(R�)^ 
                                                         and ([[) E\�BE%( � ) ≤
R@\�B ] U

(U�B) @%(�)^.  
Proof.  Taking T = R� in the inequalities �_(�) ≤
 @\(�) ≤ 8

8��  E\(T) { cf. [8] }, for # ≤ � < 8 we obtain 

that @\�B(�) ≤ E\�B(�)    

       and  E\�B(�) ≤ R @\�B V U0
(U�B)X ∙  

Since @\�B(�) and  E\�B(�) are increasing functions of �, 

the lemma follows from the above and the inequalities 

��(�) ≤  @%(�) ≤ `
`��  E%(R�) { cf . [8] }. 

 

2. Theorems 
          In this section we present the main  results of  the 

paper. 

Theorem 1 Let  f  , ? and h be any three entire functions 

such that 0 < &\(�) ≤ $\(�) < ∞ and  ;A < ∞ . Then 

for any Y > 1 

limsup� → ∞

log :aKL:/bJ(0)
log :aKL:/ (cde(f0)<J) ≤ gJ . Oa(%) 

Pa(%) ∙  
Proof.  Taking T = Y� in Lemma 2 and in view of  

Lemma 4 we have for all sufficiently large values of  � 

that 

        E%QA(�) ≤ V U
U�BX E% V Uf

(f�B) EA(Y�)X  

                                                            [. h., E%QA(�) ≤
E% V (iU�B)Uf

(U�B)(f�B) EA(Y�)X .                                                        
Since E\�B(�) is an increasing function of  �, it follows 

from above for all sufficiently large values of  � that  

E\�BE%QA(�) ≤ E\�BE% V (iU�B)Uf
(U�B)(f�B) EA(Y�)X  

                                            

 [. h., log E\�BE%QA(�) ≤ log E\�BE% V (iU�B)Uf
(U�B)(f�B) EA(Y�)X         (1) 
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[. h., log :aKL:/bJ(0)
log :aKL:/ (cde(f0)<J) ≤ log :aKL:/j -k-l

(kKL)(lKL):J(f0)m
log :aKL:/ (cde(f0)<J)   

                                                = log :aKL:/n -k-l
(kKL)(lKL):J(f0)o

log p -k-l
(kKL)(lKL):J(f0)q ∙

log :J (β 0) + r(B)
(f0)<J ∙  log {cde(f0)<J}

log :aKL:/ (cde(f0)<J)                               (2)       

                                        [. h. ,  limsup� → ∞
log :aKL:/bJ(0)

log :aKL:/ (cde(f0)<J)       

                                             ≤ limsup� → ∞
log :aKL:/n -k-l

(kKL)(lKL):J(f0)o
log p -k-l

(kKL)(lKL):J(f0)q ∙
limsup� → ∞

log :J (β 0) + t(B)
(f0)<J ∙ limsup� → ∞

log {cde(f0)<J}
log :aKL:/ (cde(f0)<J) ∙ 

                                        [. h. ,  limsup� → ∞
log :aKL:/bJ(0)

log :aKL:/ (cde(f0)<J) ≤
 $\(�) ∙  ;A ∙ B 

Pa(%) ∙  
Thus  the theorem  is established. 

In  the line of  Theorem 1 the following theorem can be 

proved : 

Theorem 2 Let  f  , ? and ℎ be any three entire functions 

with  &\( ?) > 0 , $\(�) < ∞ and  ;A < ∞ . Then for 

any Y > 1,  
limsup� → ∞

log :aKL:/bJ(0)
log :aKL:J (cde(f0)<J) ≤ gJ .  Oa(%) 

Pa(A)  ∙   
                 The proof is omitted. 

                  With the help of  Lemma 1 and in the line of  

Theorem 1 and  Theorem 2 the following two theorems 

may be proved : 

Theorem 3 Let  f  , ? and h be any three entire functions 

such that 0 < &\(�) ≤ $\(�) < ∞ and  ;A < ∞ . Then  

limsup� → ∞
log .aKL./bJ(0)

log .aKL./ (cde(0)<J) ≤ gJ .Oa(%) 
Pa(%)  ∙   

Theorem 4 Let  f  , ? and ℎ be any three entire functions 

with  &\( ?) > 0 , $\(�) < ∞ and  ;A < ∞ . Then  

limsup� → ∞
log .aKL./bJ(0)

log .aKL.J (cde(0)<J) ≤ gJ .  Oa(%) 
Pa(A)  ∙   

                    Using the notion of weak type, we may state 

the following two theorems without proof  because it can 

be carried out in the line of  Theorem 1 and Theorem 3 

respectively. 

Theorem 5 Let  f  , ? and h be any three entire functions 

such that 0 < &\(�) = $\(�) < ∞ and  =A < ∞ . Then 

for any Y > 1, 
liminf � → ∞

log :aKL:/bJ(0)
log :aKL:/ (cde(f0)>J) ≤ =A ∙     

Theorem 6 Let  f  , ? and  h be any three entire functions 

with 0 < &\(�) = $\(�) < ∞ and  =A < ∞ . Then  

liminf � → ∞
log .aKL./bJ(0)

log .aKL./ (cde(0)>J) ≤ =A ∙       
Theorem 7 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) $\(�) = $A, ([[[) 

;A < ∞ , and ([v) 0 < ;\(�) < ∞. Then for any R , Y > 1 and  w > 0 , 
liminf � → ∞

log :aKL:/bJ(0)
 :aKL:/ (0) ≤ ](UxyU�y)Uf

(U�B) ^Oa(%) ∙  Oa(%) ∙ gJ 
ga(%)  ∙  

Proof.  From (1) and the inequality E(�, �) ≤ @(�, �) { 

cf . [8]}, we get for all sufficiently large values of  � that  
                                                     log E\�BE%QA(�) ≤
($\(�) + {)|log EA(Y�) + }(1)~ 

[. h. , log E\�BE%QA(�) ≤ ($\(�) + {)|log @A(Y�) + }(1)~ ∙        (3) 

Using the definition of  type we obtain from  (3) for all 

sufficiently large values of  � that  
 log E\�BE%QA(�) ≤ ($\(�) + {)�;A + {�{Y�}OJ + }(1) ∙           (4) 

Now in view of condition  ([[) we obtain from (4) for all 

sufficiently large values of  � that  
 log E\�BE%QA(�) ≤ ($\(�) + {)�;A + {�{Y�}Oa(%) + }(1)          (5) 

Again in view of  Lemma 4, Lemma 5 and  the definition 

of relative type we get for a sequence of values of  � 

tending to infinity that  

E\�B ] U
(U�B) E%(R�)^ ≥ @\�B@%(�)  

[. h., E\�B ]E% V(UxyU�y)U0
(U�B) X^ ≥ @\�B@%(�)  

[. h. ,  E\�BE%(�) ≥ @\�B@% V (U�B)
(UxyU�y)U �X     

[. h. ,  E\�BE%(�) ≥ (;\(�) − {) p (U�B)
(UxyU�y)U �qOa(%)

         (6) 

Now from (5) and  (6) it follows for a sequence of  values � tending to infinity that  
log :aKL:/bJ(0)

:aKL:/(0) ≤ (Oa(%)x�)�gJx��{f0}<a(/)xr(B)
(ga(%)��)p (kKL)

(k��kK�)k0q<a(/)  ∙   
Since { > 0 is arbitrary , it follows from above that   

liminf � → ∞
log :aKL:/bJ(0)

:aKL:/(0) ≤ ](UxyU�y)Uf
(U�B) ^Oa(%) Oa(%).  gJ

ga(% ) ∙  
                Using the notion of  weak type and  relative 

weak type, we may state the following  theorem  without 

proof  as it can be carried out in the line of  Theorem 7: 

Theorem 8 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) &\(�) = &A, ([[[) 

=A < ∞ , and ([v) 0 < =\(�) < ∞. Then for any  R , Y >
1 and  w > 0 , 

liminf � → ∞
log :aKL:/bJ(0)

 :aKL:/ (0) ≤ ](UxyU�y)Uf
(U�B) ^Pa(%) ∙  Oa(%) ∙ �J 

�a(%)  ∙  
                 Similarly using the notion of  type and  relative 

weak type one may state the following two theorems 

without proof  because those can also be carried out in the 

line of  Theorem 7: 

Theorem 9 Let  f  , ? and h be any three entire functions 

such that ([) &\(�) = $A, ([[) ;A < ∞ , and ([[[) 0 <=\(�) < ∞. Then for any R , Y > 1 and  w > 0 , 
liminf � → ∞

log :aKL:/bJ(0)
:aKL:/ (0) ≤ ](UxyU�y)Uf

(U�B) ^Pa(%) ∙  Pa(%) ∙ gJ 
�a(%)  ∙  

Theorem 10 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) &\(�) = $A, ([[[) 

;A < ∞ , and ([v) 0 < =\(�) < ∞. Then for any 

R , Y > 1 and  w > 0 , 
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limsup � → ∞
log :aKL:/bJ(0)

 :aKL:/ (0) ≤ ](UxyU�y)Uf
(U�B) ^Pa(%) ∙  Oa(%) ∙ gJ 

�a(%)  ∙  
Theorem 11 Let  f  , ? and h be any three entire functions 

with ([) 0 < $\(�) < ∞ , ([[) $\(�) = $A, ([[[) ;A < ∞ 

, and ([v) 0 < ;\(�) < ∞. Then  

liminf � → ∞
log .aKL./bJ(0)

 .aKL./ (0) ≤  Oa(%) ∙ gJ 
ga(%)  ∙   

Theorem 12 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) &\(�) = &A , ([[[) 

=A < ∞ , and ([v) 0 < =\(�) < ∞. Then  

liminf � → ∞
log .aKL./bJ(0)

 .aKL./ (0) ≤  Oa(%)∙ �J 
�a(%)  ∙   

Theorem 13 Let  f  , ? and h be any three entire functions 

such that  ([) &\(�) = $A, ([[) ;A < ∞ , and ([[[) 0 <=\(�) < ∞. Then  

liminf � → ∞
log .aKL./bJ(0)

 .aKL./ (0) ≤  Pa(%)∙ gJ 
�a(%)  ∙    

Theorem 14 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) &\(�) = $A, ([[[) 

;A < ∞ , and ([v) 0 < =\(�) < ∞. Then  

limsup � → ∞
log .aKL./bJ(0)

.aKL./ (0) ≤  Oa(%)∙ gJ 
�a(%)  ∙   

                 The proof  of  Theorem 11, Theorem 12, 

Theorem 13 and Theorem 14 are omitted as those can be 

carried out in view of  Lemma 1 and in the line of  

Theorem 7, Theorem 8, Theorem 9 and  Theorem 10 

respectively.  

Theorem 15 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) 0 < ;\(�) < ∞ , ([[[) $\(��?) = $\(�), and  ([v) ;\(��?) < ∞. Then for any R > 1 and  w > 0 ,   

liminf � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≤ (UxyU�y)-<a(/) .  U<a(/)�L
(U�B)-<a(/)  ∙ ga(%QA)

ga(%)     
                                          and   

(U�B)-<a(/)
(UxyU�y)-<a(/) .  U<a(/)�L  ∙ ga(%QA)

ga(%)  ≤
limsup � → ∞

 :aKL:/bJ(0)
 :aKL:/(0) ∙  

Proof . From the definition of  relative type and  in view 

of  Lemma 3 and  Lemma 5 we obtain for all sufficiently 

large values of � that  

 E\�BE%QA(�) ≤ R@\�B ] U
(U�B) @%QA(�)^ 

≤ R@\�B ]@%QA nVUxyU�y
U�B X  �o^ 

    [. h. , E\�BE%QA(�) ≤ R(;\(��?) + {) pVUxyU�y
U�B X  �qOa(%QA)

                                                         

               (7) 

and  
                                           E\�BE%(�) ≤ R(;\(�) +
{) pVUxyU�y

U�B X  �qOa(%)
                                                                     (8) 

Also in view of  Lemma 4 and Lemma 5 we obtain for a 

sequence of values of  � tending to infinity that  

 E\�BE%QA(�) ≥ @\�B@%QA jV (U�B)
(UxyU�y)UX  �m  

       [. h.,   E\�BE%QA(�) ≥ (;\(��?) − {) pV (U�B)0
(UxyU�y)UXqOa(%QA)

  

                                                   [. h. ,   E\�BE%QA(�) ≥ 

V (U�B)
(UxyU�y)UXOa(%QA) ∙ (;\(��?) − {) ∙ �Oa(%QA)          (9) 

and  
                                                                E\�BE%(�) ≥ 

V (U�B)
(UxyU�y) UXOa(%) ∙ (;\(�) − {) ∙ �Oa(%) ∙        (10) 

Now from (7) and (10) it follows for a sequence of  

values of  � tending to infinity that  
                                                       

  :aKL:/bJ(0)
 :aKL:/(0) ≤ U (ga(%QA)x�) pVk��kK�

kKL X 0q<a(/bJ)

V (kKL)
(k��kK�) kX<a(/)∙ (ga(%)��) ∙ 0<a(/) ∙        (11) 

In view of the condition (iii) we get from (11) that 
                                             

liminf � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≤ U (ga(%QA)x�) Vk��kK�
kKL X<a(/)

V (kKL)
(k��kK�) kX<a(/)∙ (ga(%)��) ∙  

As {(> 0) is arbitrary, it follows from above that 
                                             

liminf � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≤ (UxyU�y)-<a(/) .  U<a(/)�L
(U�B)-<a(/)  ∙ ga(%QA)

ga(%) ∙       (12) 

Again from  (8) and  (9) we get for a sequence of  values 

of  � tending to infinity that 
                                                         

 :aKL:/bJ(0)
 :aKL:/(0) ≥ V (kKL)

(k��kK�) kX<a(/bJ)∙ (ga(%QA)��) ∙ 0<a(/bJ)  
U (ga(%)x�) pVk��kK�

kKL X 0q<a(/) ∙         (13) 

Since $\(��?) = $\(�) , we obtain from (13) that 

limsup � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≥ V (kKL)
(k��kK�) kX<a(/)

Vk��kK�
kKL X<a(/) ∙ (ga(%QA)��)

U (ga(%)x�) ∙   
As {(> 0) is arbitrary, it follows from above that 

                                                     limsup � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≥
(U�B)-<a(/)

(UxyU�y)-<a(/) .  U<a(/)�L  ∙ ga(%QA)
ga(%) ∙                                                 (14)  

Thus  the theorem follows from (12) and  (14) . 

            In the line of  Theorem 15  we may state the 

following theorem  without proof : 

Theorem 16 Let  f  , ? and h be any three entire functions 

with  ([) 0 < $\(?) < ∞ , ([[) 0 < ;\(?) < ∞ , ([[[) $\(��?) = $\(?) and  ([v) ;\(��?) < ∞. Then for any R > 1 and  w > 0 ,  

liminf � → ∞
 :aKL:/bJ(0)

 :aKL:J(0) ≤ (UxyU�y)-<a(J) .  U<a(J)�L
(U�B)-<a(J)  ∙ ga(%QA)

ga(A)     
and   

(U�B)-<a(J)
(UxyU�y)-<a(J) .  U<a(J)�L  ∙ ga(%QA)

ga(A)  ≤ limsup � → ∞
 :aKL:/bJ(0)

 :aKL:J(0) ∙  
              Using the notion of  relative weak type, we may 

state the following two theorems without proof  because 

those may be carried out with the help of  Lemma 3 and  

Lemma 5 and in the line of  Theorem 15 and Theorm 16 

respectively. 

Theorem 17 Let  f  , ? and h be any three entire functions 

such that  ([) 0 < &\(�) < ∞ , ([[)  0 < =\(�) < ∞ , ([[[) &\(��?) = &\(�) and  ([v) =\(��?) < ∞. Then for 

any R > 1 and  w > 0 ,   
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liminf � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ≤ (UxyU�y)->a(/) .  U>a(/)�L
(U�B)->a(/)  ∙ �a(%QA)

�a(%)     
                                           and   (U�B)->a(/)

(UxyU�y)->a(/) .  U>a(/)�L  ∙
�a(%QA)

�a(%)  ≤ limsup � → ∞
 :aKL:/bJ(0)

 :aKL:/(0) ∙   
Theorem 18 Let  f  , ? and h be any three entire functions 

such that ([) 0 < &\(?) < ∞ , ([[) 0 < =\(?) < ∞ , ([[[) &\(��?) = &\(?) and  ([v) =\(��?) < ∞. Then for any R > 1 and  w > 0 ,  

liminf � → ∞
 :aKL:/bJ(0)

 :aKL:J(0) ≤ (UxyU�y)->a(J) .  U>a(J)�L
(U�B)->a(J)  ∙ �a(%QA)

�a(A)     
                                          and   

(U�B)->a(J)
(UxyU�y)->a(J) .  U>a(J)�L  ∙

�a(%QA)
�a(A)  ≤ limsup � → ∞

 :aKL:/bJ(0)
 :aKL:J(0) ∙ 

              Similarly one  may state the following four  

theorems  without proof  on the basis of  relative type and 

relative weak type of entire functions  with respect to 

another entire functions  in terms of their maximum 

modulus : 

Theorem 19 Let  f  , ? and h be any three entire functions 

with ([) 0 < $\�∗(�) < ∞ , ([[) 0 < ;\�∗(�) < ∞ ,  ([[[) 

$\�∗(��?) = $\�∗(�) and  ([v) ;\�∗(��?) < ∞ . Then  

liminf � → ∞
 .aKL./bJ(0)
 .aKL./ (0) ≤  ga�∗(%QA)

ga�∗(%) ≤ limsup � → ∞
 .aKL./bJ(0)
 .aKL./ (0) ∙  

Theorem 20 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\�∗(?) < ∞ , ([[) 0 < ;\�∗(?) < ∞ ,  ([[[) $\�∗(��?) = $\�∗(?) and  ([v) ;\�∗(��?) < ∞ . Then  

liminf � → ∞
 .aKL./bJ(0)
 .aKL.J (0) ≤  ga�∗(%QA)

ga�∗(A) ≤ limsup � → ∞
 .aKL./bJ(0)
 .aKL.J (0) ∙  

Theorem 21 Let  f  , ? and h be any three entire functions 

with ([) 0 < &\�∗(�) < ∞ , ([[) 0 < =\�∗(�) < ∞ ,  ([[[) 

&\�∗(��?) = &\�∗(�) and  ([v) =\�∗(��?) < ∞ . Then  

liminf � → ∞
 .aKL./bJ(0)
 .aKL./ (0) ≤  �a�∗(%QA)

�a�∗(%) ≤ limsup � → ∞
 .aKL./bJ(0)
 .aKL./ (0) ∙  

Theorem 22 Let  f  , ? and h be any three entire functions 

such that ([) 0 < &\�∗(?) < ∞ , ([[) 0 < =\�∗(?) < ∞ ,  ([[[) &\�∗(��?) = &\�∗(?) and  ([v) =\�∗(��?) < ∞ . Then   

liminf � → ∞
 .aKL./bJ(0)

 .aKL.J(0) ≤  �a�∗(%QA)
�a�∗(A) ≤ limsup � → ∞

 .aKL./bJ(0)
 .aKL.J(0) ∙  

Theorem 23 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) ;\(�) < ∞ , ([[[) &\(��?) = $\(�) and  ([v) =\(��?) > 0. Then for any R > 1 and  w > 0 ,  

 

liminf � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≥ (U�B)-<a(/)

(UxyU�y)-<a(/) .  U<a(/)�L  ∙ �a(%QA)
ga(%) ∙  

Proof.  From the definition of  =\(��?) and in view of  

Lemma 4 and Lemma 5 we obtain for all sufficiently 

large values of  � that 
                                                        E\�BE%QA(�) ≥
  @\�B@%QA V (U�B)

(UxyU�y)U �X  

[. h.,  E\�BE%QA(�) ≥ (=\(��?) − {) pV (U�B)0
(UxyU�y)UXqPa(%QA)

 

                                                [. h. , E\�BE%QA(�) ≥ 

V (U�B)
(UxyU�y)UXPa(%QA) ∙ (=\(��?) − {) ∙ �Pa(%QA) ∙                         (15)    

Thus from (8) and (15) we get for all sufficiently large 

values of  � that 
                                                  

:aKL:/bJ(0)
:aKL:/(0) ≥ V (kKL)

(k��kK�)kX>a(/bJ)∙ (�a(%QA)��) ∙ 0>a(/bJ)

U (ga(%)x�) pVk��kK�
kKL X 0q<a(/)  ∙         (16)  

Since &\(��?) = $\(�) , we obtain from (16) that 

liminf � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≥ V (kKL)

(k��kK�)kX<a(/)

Vk��kK�
kKL X<a(/) ∙ (�a(%QA)��)

U (ga(%)x�) ∙  
As {(> 0) is arbitrary, it follows from above that  

liminf � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≥ (U�B)-<a(/)

(UxyU�y)-<a(/) .  U<a(/)�L  ∙ �a(%QA)
ga(%) ∙  

Thus  the theorem  is established. 

Theorem 24 Let  f  , ? and h be any three entire functions 

such that ([) 0 < &\(�) < ∞ , ([[) =\(�) < ∞ , ([[[) $\(��?) = &\(�) and  ([v) ;\(��?) > 0. Then for any  R > 1 and  w > 0 ,   

limsup � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≤ (UxyU�y)->a(/) .  U>a(/)�L

(U�B)->a(/)  ∙ ga(%QA)
�a(%) ∙  

Proof.  From the definition of  =\(�) and in view of  

Lemma 4 and Lemma 5 we obtain for all sufficiently 

large values of  � that 

E\�BE%QA(�) ≥   @\�B@% V (U�B)
(UxyU�y)U �X  

         [. h., E\�BE%(�) ≥ (=\(�) − {) pV (U�B)0
(UxyU�y)UXqPa(%)

 

                                                          [. h. ,  E\�BE%(�) ≥ 

V (U�B)
(UxyU�y)UXPa(%) ∙ (=\(�) − {) ∙ �Pa(%) ∙                                     (17)    

Thus from (7) and (17) we get for all sufficiently large 

values of  � that 
                                                          

:aKL:/bJ(0)
:aKL:/(0) ≤ U (ga(%QA)x�) pVk��kK�

kKL X 0q<a(/bJ)

V (kKL)
(k��kK�)kX>a(/)∙ (�a(%)��) ∙  0>a(/) ∙          (18)  

In view of  the condition  (iii)  we get from (18) that 

limsup � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≤ U (ga(%QA)x�) Vk��kK�

kKL X>a(/)

V (kKL)
(k��kK�)kX>a(/)∙ (�a(%)��) ∙   

As {(> 0) is arbitrary, it follows from above that  

limsup � → ∞
:aKL:/bJ(0)
 :aKL:/ (0) ≤ (UxyU�y)->a(/) .  U>a(/)�L

(U�B)->a(/)  ∙ ga(%QA)
�a(%) ∙   

Thus the theorem follows from above. 

              In the line of Theorem  23 and Theorem  24 we 

may state the following two theorems  without proof : 

Theorem 25 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(?) < ∞ , ([[) ;\(?) < ∞ , ([[[) &\(��?) = $\(?) and  ([v) =\(��?) > 0. Then for any R > 1 and  w > 0 ,  

liminf � → ∞
:aKL:/bJ(0)
 :aKL:J (0) ≥ (U�B)-<a(J)

(UxyU�y)-<a(J) .  U<a(J)�L  ∙ �a(%QA)
ga(A) ∙  
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Theorem 26 Let  f  , ? and h be any three entire functions 

such that ([) 0 < &\(?) < ∞ , ([[) =\(?) < ∞ , ([[[) $\(��?) = &\(?) and  ([v) ;\(��?) > 0. Then for any R > 1 and  w > 0 ,  

limsup � → ∞
:aKL:/bJ(0)
 :aKL:J (0) ≤ (UxyU�y)->a(J) .  U>a(J)�L

(U�B)->a(J)  ∙ ga(%QA)
�a(A) ∙  

            Analogously we may also state the following four 

theorems without proof  on the basis of  relative type and 

relative weak type of entire functions with respect to 

another entire functions  in terms of  their maximum 

modulus : 

Theorem 27 Let  f  , ? and h be any three entire functions 

such that ([) 0 < $\(�) < ∞ , ([[) ;\(�) < ∞, ([[[) &\(��?) = $\(�)  , and ([v) =\(��?) > 0. Then   

liminf � → ∞
.aKL./bJ(0)
.aKL./ (0) ≥  �a(%QA) 

ga(%)  ∙   
Theorem 28 Let  f  , ? and h be any three entire functions 

such that ([) 0 < &\(�) < ∞ , ([[) =\(�) < ∞, ([[[) $\(��?) = &\(�)  , and  ([v) ;\(��?) > 0. Then   

limsup � → ∞
.aKL./bJ(0)
.aKL./ (0) ≤  ga(%QA) 

�a(%)  ∙   
Theorem 29 Let f, ? and h be any three entire functions 

such that ([) 0 < $\(?) < ∞ , ([[) ;\(?) < ∞, ([[[) &\(��?) = $\(?)  , and  ([v) =\(��?) > 0. Then   

liminf � → ∞
.aKL./bJ(0)
.aKL.J (0) ≥  �a(%QA) 

ga(A)  ∙   
Theorem 30 Let f, ? and h be any three entire functions 

such that ([) 0 < &\(?) < ∞ , ([[) =\(?) < ∞, ([[[) $\(��?) = &\(?)  , and  ([v) ;\(��?) > 0. Then   

limsup � → ∞
.aKL./bJ(0)
.aKL.J (0) ≤  ga(%QA) 

�a(A)  ∙   
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